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Cuarren I
INTRODUCTION

1. Tue TyrEs oF Social CHOICE

In a capitalist democracy there are essentially two methods by which
social choices can be made: voting, typically used to make “political”
decisions, and the market mechanism, typically used to make “economic”
decigions. In the emerging democracies with mixed economic systems,
Great Britain, France, and Scandinavia, the same two modes of making
social choices prevail, though more scope is given to the method of voting
and decisions based directly or indirectly on it and less to the rule of
the price mechaniam. FElsewhere in the world, and even in smaller
social units within the democracies, social decisions are sometimes made
by single individuals or small groups and sometimes (more and more
rarely in this modern world) by a widely encompassing set of traditional
rules for making the social choice in any given situation, e.g., a religious
code.!

1The last two methods of making social choices are in & sense extreme opposites,
developments of conflicting tendencies in & democracy. The rule of the single indi-
vidual is the extreme of administrative diseretion, the rule of a sacred code the extreme
of rule by law. But in dynsmic situations the rule of a sacred code leads by insensible
steps to dictatorship. The code needs interpretation, for conditions change, and, no
matter how explicit the code may have been in the first place in determining how
society shall act in different circumstances, its meaning becomes ambiguous with
the passage of time. It might conceivably happen that the job of interpretation
pasees to society as a whole, ecting through some democratic process—*vox populi,
vox dei.” Or it can happen that interpretation passes to the hands of the people
individuslly and not collectively; in this case, ns soon ns differences of opinion arige,
the religious code loses all its force as a guide to social action. Ses, for example,
the ultimate consequences in the field of economic ethics of the Protestant insistence
on the right of each individual to interpret the Bible himself (R. H. Tawney, Religion
and the Rise of Capilalism, London: J. Murray, 1926, pp. 97-100). But more likely,
in view of the asuthoritarian character of the sacred code, the interpretation will pass
into the hands of a single individual or a small group alone deemed qualified.

The classification of methods of soeial choiece given here corresponds to Professor
Knight's distinction among custom, authority, and consensus, except that I have
subdivided conzensus into the two categories of voting and the market (F. H. Knight,
“Human Nature and World Democracy,” in Freedom and Reform, New York:
Harper and Bros., 1947, pp. 308-310}.

1



2 INTRODUCTION [cHAP. I

The last two methods of social choice, dictatorship and convention,
have in their formal structure a certain definiteness absent from voting
or the market mechanism. In ideal dictatorship there is but one will
involved in choice, in an ideal society ruled by convention there is but
the divine will or perhaps, by assumption, a common will of all indi-
viduals concerning social decisions, so in either case no conflict of in-
dividual wills is involved.? The methods of voting and the market, on
the other hand, are methods of amalgamating the tastes of many indi-
viduals in the making of social choices. The methods of dictatorship
and convention are, or can be, rational in the sense that any individual
can be rational in his choices. Can such consistency be attributed to
collective modes of choice, where the wills of many people are involved?

It should be emphasized here that the present study is concerned only
with the formal aspects of the above question. That is, we ask if it is
formally possible to construct a procedure for passing from a set of
known individual tastes to a pattern of social decision-making, the
procedure in question being required to satisfy certain natural condi-
tions. An illustration of the problem is the following well-known “para-
dox of voting.” Buppose there is a community consisting of three voters,
and this community must choose among three alternative modes of
social action (e.g., disarmament, cold war, or hot war). It is expected
that choices of this type have to be made repeatedly, but sometimes not
all of the three alternatives will be available. In analogy with the usual
utility analysis of the individual consumer under conditions of constant
wants and variable price-income situations, rational behavior on the
part of the community would mean that the community orders the
three alternatives according to its collective preferences once for all,
and then chooses in any given case that alternative among those actually
available which stands highest on this list. A natural way of arriving
at the collective preference scale would be to say that one alternative
is preferred to another if a majority of the community prefer the first

*1t is assumed, of course, that the dictator, like the usual! economic man, can
always make a decision when confronted with s range of aliernatives and that he
will make the same decision each time he is faced with the same range of alternatives.
The ability to make consistent decisions is one of the symptoms of an integrated
personality. When we pass to social decision methods involving many individuals
(voting or the market), the problem of arriving at consistent decisions might analo-
gously be referred to as that of the existence of an integrated society. Whether or
not this psychiatric analogy ig useful remains to be seen, The formal existence of
methods of aggregating individual choices, the problem posed in this study, is certainly
8 necessary condition for an integrated society in the above sense; but whether the
existence of such methods is sufficient or even forms an important, part of the sufficient
condition for integration is duhious.
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alternative to the second, i.e., would choose the first over the second
if those were the only two alternatives. TLet A, B, and C be the three
alternatives, and 1, 2, and 3 the three individuals. Suppose individual 1
prefers A to B and B to C (and therefore A to C), individual 2 prefers
B to € and C to 4 {and therefore B to A), and individual 8 prefers
¢ to A and A to B (and therefore C to B). Then a majority prefer
4 to B, and a majority prefer B to €. We may therefore say that the
community prefers A to B and B to C. If the community is to be
regarded as behaving rationally, we are forced to say that A is preferred
to C. But in fact a majority of the community prefer C to 4.3 So the
method just outlined for passing from individual to collective tastes
fails to satisfy the condition of rationality, as we ordinarily understand
it. Can we find other methods of aggregating individual tastes which
imply rational behavior on the part of the community and which will
be satisfactory in other ways? ¢

If we continue the traditional identification of rationality with maxi-
mization of some sort (to be discussed at greater length below), then
the problem of achieving a social maximum derived from individual
desires is precisely the problem which has been central to the field of
welfare economics. There is no need to review the history of this subject
in detail.® There has been controversy as to whether or not the econo-

31t may be added that the method of decigion sketched above is essentislly that
used in deliberative bodies, where a whole range of alternatives usuelly comea up
for decision in the form of successive pair-wise comparigons, 'The phenomenon
described in the text can be seen in a pure form in the disposition of the proposals
before recent Congresses for federal aid to state education, the three alternatives
being no federal aid, federal aid to public schools only, and federal aid to both public
and parochial schools, 'The “paradox of voting’’ seems to have been first pointed
out by E. J. Nanson (Transaclions and Proceedings of the Royal Society of Victoria,
Vol. 19, 1882, pp. 197-240). I am indebted for this reference to C. P. Wright,
University of New Brunswick,

+'The problem of collective rationality has been discussed by Knight, but chiefly
in terms of the socio-psychological prerequisites. See “The Planful Act: The Possi-
bilities and Limitations of Coliective Rationality,” in Freedom and Reform, op. cit.,
Pp. 335-369, especially pp. 346-365.

§ Good sketehes will be found in P. A, Samueison’s Feundations of Eeonomic
Analysis, Cambridge, Massachusetts: Harvard University Press, 1947, Chapter VIIIL;
and A. Bergson (Burk), “A Reformulation of Certain Aapects of Welfare Economics,”
Quarlerly Journal of Eeonomics, Vol. 52, February, 1938, pp. 310-334 A summary
of recent developments will be found in the article, “Bocialist Economics,” by
A. Bargson, in A Sursey of Condemporary Economics, H. 8. Ellis, ed., Philadelphia:
The Blakiston Co., 1948, Chapter XII, In addition to the above, restatements of
the present state of the field will be found in O. Lange, “The Foundations of Welfare
Economics,” Beonomelrica, Vol. 10, July-October, 1942, pp. 215-228; and M, W,
Reder, Studies in the Theory of Welfare Economics, New York: Columbia University
Press, 1947, Chapters I-V.
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mist qua economist could make statements saying that one social state
ig better than another. If we admit meaning to interpersonal com-
parisons of utility, then presumably we could order social states according
to the sum of the utilities of individuals under each, and this iz the
solution of Jeremy Bentham, accepted by Edgeworth and Marshall.®
Even in this case we have a choice of different mathematical forms of the
social utility function in terms of individual utilities; thus, the social
utility might be the sum of the individual utilities or their product or
the product of their logarithms or the sum of their products taken two
at a time. So, as Professor Bergson has pointed out, there are value
judgments implicit even at this level? The case is clearly much worse
if we deny the possibility of making interpersonal comparisons of utility.
1t was on the latter grounds that Professor Robbins so strongly attacked
the concept that economists could make any policy recommendations.?
at least without losing their status as economists and passing over into
the realm of ethics. On the other hand, Mr. Kaldor and, following him,
Professor Hicks have argued that there is a meaningful sense in which
we can gay that one stafe iz better than another from an economic
point of view,” even without assuming the reality of interpersonal com-~
parison of utilities. The particular mechanism by which they propose
to accomplish the comparison of different social states, the compensation
principle, will be examined in more detail in Chapter IV.

The controversy involves a certain confusion between two levels of
argument. There can be no doubt that, even if interpersonal comparison
is assumed, a value judgment is implied in any given way of making
social choices based on individual utilities; so much Bergson has shown
clearly. But, given these basic value judgments as to the mode of
aggregating individual desires, the economist should investigate those

¢ F. Y. Edgeworth, Mathematical Psychics, London: C. Kegan Paul and Co,, 1881,
Pp. 56-82, especially p. 57; “The Pure Theory of Taxation,” in Papers Relating to
Political Economy, London: Macmillan and Co., 1925, Vol. II, pp, 63125, especially
pp. 100-122. The interpretation of social utility as the sum of individual utilities
is implicit in Marshall'’s use of the doctrine of consumers’ surplus, though other
assumptions are also involved. (A. Marshall, Principles of Economics, New York:
The Macmillan Co., eighth edition, 1949, pp. 130134, 467-476.)

? Bergson, “A Reformulation . . . ,” op. cit,, passim. See also Samuelson, op. cit.,
pp. 219-252,

t L. Robbins, An Essay on the Nalure and Significance of Economic Science, second
edition, London: Macmillan and Co., 1985, Chapter V1; “Interpersonal Comparisons
of Utility: A Comment,” Economic Journal, Vol. 43, December, 1938, pp. 635-641.

! N. Kaldor, “Welfare Propositions of Economics and Interpersonal Comparisons
of Utility,” Eeonomic Journal, Vol. 49, September, 1939, pp. 549-552; J. R. Hioks,
The Foundations of Welfare Fconomics,” Economic Journal, Vol. 49, December,
1939, pp. 696700, 711-712.
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mechanisms for social choice which satisfy the value judgments and
ghould check their consequences to see if still other value judgments
might be violated. In particular, he should ask the question whether
or not the value judgments are consistent with each other, i.e., do there
exist any mechanisms of social choice which will in fact satisfy the value
judgments made? For example, in the voting paradox discussed above,
if the method of majority choice is regarded as itgelf a value judgment,
then we are forced to the conclusion that the value judgment in question,
applied to the particular situation indicated, is self-contradictory.

In the matter of consistency, the question of interpersonal comparison
of utilities becomes important. Bergson considers it possible to egtablish
an ordering of social states which is based on indifference maps of indi-
viduals, and Samuelson has agreed.® On the other hand, Professor
Lange, in his discussion of the social welfare function, has assumed the
interpersonsl measurability of utility," and elsewhere he has insisted on
the absolute necessity of measurable utility for normative social judg-
ments.’? Professor Lerner similarly has assumed the meaningfulness of
an interpersonsl comparison of intensities of utility in his recent work
on welfare economics.!® .

In the following discussion of the consistency of various value judg-
menta as to the mode of social choice, the distinction between voting
and the market mechanism will be disregarded, both being regarded as
special cases of the more general category of collective social choice.
The anzlogy between economic choice and political choice has been
pointed out a number of times. For example, Professor Zassenhaus
congidered the structure of a planned economy by considering the free
market replaced by influence conceived generslly as a means of dis-
tributing the social product.'* He argued that, under conditions analo-
gous to free competition, the market for exchanging influence for goods
would come to equilibrium in a manner analogous to that of the ordinary
market, political influence taking the place of initial distribution of goods.
His model, however, is expressed only in very general terms, and it is not
easy to see how it would operate in a socialist democracy, for example.

10 Sep the discussion of the Fundamental Value Propositions of Individual Preference
in Berguon, “A Reformulation . . . ,” op. cit., pp. 318-320; Bamuelson, op. eil,, p. 228,

1 Lange, op. cét., pp. 219-224, eapecially top of p. 222; but there are contradictory
staternents on p. 223 and at the top of p. 224,

2, Lange, “The Determinateness of the Utility Function,” Review of Economic
Studies, Vol. 1, June, 1034, pp. 224-225.

1A, P, Lerner, Eeonomics of Conirol, New York: The Macmillan Co., 1944,
Chapter IIL '

14 H, Zassenhaus, “[Jber die dkonomische Theorie der Planwirtschaft,” Zeilschrift
far Nationalskonomie, Val. 5, 1934, pp. 507-532.
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Dr. Howard Bowen has considered voting as the demand for collective
consumption.!® In his treatment he regards distribution of income and
costs as given, and other simplifying assumptions are made. Close
analogies are found with the ordinary market demand curve.

Knight has algo stressed the analogy between voting and the market
in that both involve collective choice among a Himited range of alterna-
tives.® He has also stressed certain differences, particularly that there
is likely to be a greater tendency toward inequality under voting than
under the market; these differences are, however, largely of a socio-
psychological type rather than of the formal type which alone is relevant
here.

More recently, there has been a series of papers by Professor Duncan
Black, dealing with various aspects of the theory of political choice
under certain special assumptions and emphasizing the close similarity
between the problems of market and electoral choice.” His work will
be dealt with in greater detail in Chapter VII, Section 2. There is also
a literature on the technical problems of election. The chief relevant
point here is that virtually every partieular scheme proposed for election
from single-member constituencies has been shown to have certain arbi-
trary features. The problem of choosing by election one among a num-
ber of candidates for a single position, such as the Presidency of the
United States or membership in a legislative body when each district
returns only a single member, is clearly of the same character as choosing
one out of a number of alternative social policies; indeed, selection among
candidates is presumably a device for achieving selection among policies.

2. SoME LIMITATIONS OF THE ANALYSIS

It has been stated above that the present study confines itself to the
formal aspects of collective social choice. The aspects not discussed
may be conveniently described as the game aspeets, especially since
that term has acquired a double meaning, In the first place, no con-

¥ H. R. Bowen, “The Ioterpretation of Voting in the Allocation of Eeconomic
Resources,” Quarlerly Journal of Economics, Vol 58, November, 1943, pp. 27-48.

18 ¥, H. Knight, “Economic Theory and Nationalism,” in The Ethics of Compelition
and Other Essays, New York: Harper and Bros., 1931, pp. 204-305.

¥ D. Black, “On the Rationale of Group Decision-Making,” Journal of Political
Economy, Vol, 56, February, 1848, pp. 23-84; “The Decisions of a Committes Using
a Special Majority,” Eeonometricg, Vol. 16, July, 1048, pp. 245-261; “The Elasticity
of Committee Decisions with an Altering Size of Majority,” ibid., pp. 262-270;
and “Un approccic alla teoria delle decisioni di comitato,” Giornale degli economisti e
annali di economics, Vol. 7, Nuova Serie, 1948, pp. 262-284. For the analogy
between voting and the market, see especially “The Elasticity of Committee Deci-
gions . . . ,” pp. 262, 270; and “Un approccio . . . ,” pp. 262-269.
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sideration is given to the enjoyment of the decision process as a form
of play. There is no need to stress the obvious importance of the desire
to play and win the game as such in both economic behavior and politi-
cal® That such considerations are real and should be considered in
determining the mechanics of social choice is not to be doubted; but
this is beyond the scope of the present study.

The other meaning of the term “game” is that which has been brought
to the attention of economists by Professors von Neumann and Morgen-
gtern.® The point here, broadly speaking, is that, once a machinery
for making social choices from individual tastes is establighed, individuals
will find it profitable, from a rational point of view, to misrepresent their
tastes by their actions, ejither because such misrepresentation is somehow
directly profitable ® or, more usually, because some other individual
will be made s0 much better off by the first individual’s misrepresenta-
tion that he could compensate the first individual in such a way that
both are better off than if everyone really acted in direct accordance with
his tastes. Thus, in an electoral system based on plurality voting, it is
notorious that an individual who really favors a minor party candidate
will frequently vote for the less undesirable of the major party candidates
rather than “throw away his vote.” Even in a case where it is possible
to construct a procedure showing how to aggregate individual testes
into a consistent social preference pattern, there still remains the problem
of devising rules of the game so that individuals will actually express
their true tastes even when they are acting rationally. This problem is
allied to the problem of constructing games of fair division, in which
the rules are to be such that each individual, by playing rationally, will
succeed in getting a preassigned fair share; in the case of two people and
equal division, the game is the very familiar one in which one player
divides the total stock of goods into two parts, and the second player
chooses which part he likes®

In addition to ignoring game aspects of the problem of social choice,
we will also assume in the present study that individual values are taken
as data and are not capable of being altered by the nature of the decision
process itself. This, of course, is the standard view in economic theory

1 Knight has constantly emphasized the importance of play motives in human
life; see, for example, the reference in fn. 16. The importance of emulative motives
has nowhere heen so forcefully stressed as by T. Veblen (The Theory of the Leisure
Class, New York: The Macemillan Co., 1899).

1 J. von Neumann and O. Morgenstern, Theory of Games and Economic Behavior,
second edition, Princeton: Princeton University Press, 1947.

# A gimilar point is made by Bowen, op. cil.,, pp. 45, 48.

21 Gee H, Bteinhaus, “The Problem of Fair Division” (abstract), Econemetrica,
Vol. 16, January, 1948, pp. 101-104.
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{though the unreality of this assumption has been asserted by such
writers as Veblen, Professor J. M. Clark, and Knight Z) and also in the
classical liberal creed.®® If individual values can themselves be affected
by the method of gocial choice, it becomes much more diffieult to learn
what is meant by one method’s being preferable to another.

Finally, it is assumed that all individuals in the society are rational.
The precise meaning of this assumption will be enlarged on in the next
chapter,

# T, Veblen, The Theory of the Leisure Class, op. cit., and “Why Is Economies Not
an Evolutionary Seience?”’ in The Place of Science in Modern Civilisation and Other
Essays, New York: B. W. Huebsach, 1919, pp. 73-74; J. M. Clark, *“Economics and
Modern Psychology,”” in Preface lo Social Economics, New York: Farror and Rinehart,
1936, pp. 92-160, and “Realism and Relevance in the Theory of Demand,” Journal
of Political Economy, Yol. B4, August, 1946, pp. 347-351; F. H. Knight, “Ethics
and the Economic Interpretation,” in The Ethica of Competition and Other Essuys,
op. eil., pp. 1940, passim.

3 4 Liberalism takes the individual as given, and views the social problem as one of
right relations between given individuals.” (Italies in the original.) ¥. H. Knight,
“Ethics and Economic Reform,’” in Freedom and Reform, op. cit., p. 69.
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THE NATURE OF PREFERENCE AND CHOICE

1. MEASURABILITY AND INTERPERSONAL (COMPARABILITY OF UTILITY

The viewpoint will be taken here that interpersonal comparison of
utilities has no meaning and, in fact, that there is no meaning relevant
to welfare comparisons in the measurability of individual utility. The
controversy is weil-known and hardly need be recited here. During the
entire controversy, the proponents of measurable utility have been un-
able to produce any proposition of economic behavior which could be
explained by their hypothesis and not by those of the indifference-curve
theorists.! Indeed, the only meaning the concepts of utility can be said
to have is their indications of actual behavior, and, if any course of
behavior can be explained by & given utility function, it has been amply
demonstrated that such a course of behavior can be equally well explained
by any other utility function which is a strietly increasing function of
the first. If we cannot have measurable utility, in this sense, we cannot
have interpersonal comparability of utilities a fortiori.

Recently, the issue of measurable utility has been reopened by the
results of Professors von Neumann and Morgenstern.? These results
have been widely misunderstood. They consider a preference pattern
not only among certain alternatives but also among alternative proba-
bility distributions. Making certain plausible assumptions as to the
relations among preferences for related probability distributions, they

1 Classical demand theory leaves ambiguous the relation between the indifference
map of a housshold and the indifference maps of the individual members thereof.
It is the former which is relevant for the behavior of the market. The passage from
individual to household maps is a special cage of the passage from individual to social
orderings; if the present thesis is accepted, household indifference maps can, indeed,
only arise from the presence of common standards of value of some sort. But these
are, a8 will be seen, empirieally determinable by examination of the individusl
indifference maps and are not based on some type of intrinsic comparison of intensities
of feeling. In what follows we shall ignore the distinction between individual and
household indifference maps; this action may be regarded as meaning oither that
the intra-household aggregation is somehow solved or that that problem is being
considered simultaneously with the general problem.

t0p. cil., pp. 15-31, 617632, See also W. 8. Vickrey, “Measuring Marginal
Utility by Reactions to Risk,” Econometrica, Vol. 13, October, 1945, pp. 319-333.

9
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find that there is a utility indicator (unique up to a linear transforma-
tion) which has the property that the value of the utility function for
any probability distribution of certain slternatives is the mathematical
expectation of the utility. Put otherwise, there iz one way (unique up
to a linear transformation) of assigning utilities to probability distribu-
tions such that behavior is described by saying that the individual seeks
to maximize his expected utility.

This theorem does not, ae far as I can see, give any special ethical
significance to the particular utility scale found. For instead of using
the utility scale found by von Neumann and Morgenstern, we could use
the square of that scale; then behavior is described by saying that the
individual seeks to maximize the expected value of the square root of
his utility. This is not to deny the usefulness of the von Neumann-
Morgenstern theorem; what it does say is that among the many different
ways of assigning g utility indicator to the preferences among alternative
probability distributions, there is one method (more precisely, a whole
sct of methods which are linear transforms of each other) which has the
property of stating the laws of rational behavior in & particularly con-
venient way. This is a very useful matter from the point of view of
developing the descriptive economic theory of behavior in the presence
of random events, but it has nothing to do with welfare considerations,
particularly if we are interested primarily In making a social choice
among alternative policies in which no random elements enter. To say
otherwise would be to assert that the distribution of the social income
is to be governed by the tastes of individuals for gambling.

The problem of measuring utility has frequently been compared with
the problem of measuring temperature. This comparison is very apt.
Operationally, the temperature of a body is the volume of a unit mass of
a perfect gas placed in contact with it (provided the mass of the gas is
small compared with the mass of the body). Why, it might be asked,
was not the logarithm of the volume or perhaps the cube root of the
volume of the gas used instead? The reason is simply that the general
gas equation assumes a particularly simple form when temperature is
defined in the way indicated. But there iz no deeper significance. Does
it make any sense to say that an increase of temperature from 0° to 1°
is just as intenge as an increase of temperature from 100° to 101°? No
more can it be said that there is any mesning in comparing marginal
utilities at different levels of well-being.

Even if, for some reason, we should admit the measurability of utility
for an individual, there still remains the question of aggregating the
individual utilities. At best, it is contended that, for an individual, his
utility function is uniquely determined up to a linear transformation;
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we must still choose one out of the infinite family of indicators to repre-
sent the individual, and the values of the aggregate (say a sum) are
dependent on how the choice is made for each individual. In general,
there seems to be no method intrinsic to utility measurement which will
make the choices compatible.? Tt requires a definite value judgment
not derivable from individual sensations to make the utilities of different
individuals dimensionally compatible and still a further value judgment
to aggregate them according to any particular mathematical formula. If
we look away from the mathematical aspects of the matter, it seems to
make no sense to add the utility of one individual, & psychic magnitude
in his mind, with the utility of another individual. Even Bentham
had his doubts on this point.*

We will therefore assume throughout this book that the behavior of
an individual in making choices is deseribable by means of & preference
geale without any cardinal significance, either individual or interpersonal.

2. A NorarioNn ror PrererenceEs anp CroIce

In this study it is found convenient to represent preference by a nota-
tion not customarily employed in economics, though familiar in mathe-
matics and particularly in symbolic logic. We assume that there is a
basic set of alternatives which could conceivably be presented to the
chooser. In the theory of consumer’s choice, each alternative would be
a commodity bundle; in the theory of the firm, each altermative would
be a complete decision on all inputs and outputs; in welfare economies,
each alternative would be & distribution of commodities and labor re-

3 [t must be granted, though, that, if it is assumed to begin with that all preference
scales for individuals are the same (all individuals have the same tastes), then we
could choose the utility function the same for all. However, if we take seriously the
idea of interpersonal comparison of utilities, we must allow for the possibility that, of
two individuals with the same indifference map, one is twice as sensitive as the other,
and so the proper utility function for one should be just double that for another.
It would be interesting, indeed, fo see an operational significance attached to this
concept of differing sengitivity.

Von Neumann and Morgenstern (op. cil.,, pp. 608-616) have considered a case
where two individuals bave differing powers. of .discernment, but they have not
represented this case by assuming different utilities for the same bundle of goods.
Instead, they assume both utility scales can take on only discrete velues, though one
can fake on more such values than the other.

4 ¢'Tis in vain to talk of adding quantities which after the addition will continue
distinet as they were before, one man’s happiness will never be another man’s happi-
nesa: 8 gain to one man is no gain to another: you might as well pretend to add 20
apples to 20 pears. . . ." (Quoted by W. C. Mitchell in “Bentham’s Felicific Cal-
culug,” in The Backward Art of Spending Money and Other Essays, New York:
McGraw-Hill Book Co., 1937, p. 184.)
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quirements. Ingeneral, an alternativeis a vector; however, in the theory
of elections, the alternatives are candidates. These alternatives are
mutually exclusive; they are denoted by the small letters z, g, 2, - --.
On any given occaeion, the chooser has available to him a subset § of
all possible alternatives, and he is required to choose one out of this
set. The set § is a generalization of the well-known opportunity curve;
thus, in the theory of consumer’s choice under perfect competition it
would be the budget plane. It is assumed further that the choice is
made in this way: Before knowing the set S, the chooser conaiders in
turn all possible pairs of alternatives, say z and ¥, and for each such pair
he makes one and only one of three decisions: z is preferred to g, z is
indifferent to y, or y is preferred to z. The decisions made for different
pairs are assumed to be consistent with each other, so, for example, if
z is preferred to ¥ and y to 2, then z is preferred to z; similarly, if z is
indifferent to ¥ and y to 2, then z is indifferent to z. Having this ordering
of all possible alternatives, the chooser is now confronted with a par-
ticular opportunity set 8. If there is one alternative in S which is
preferred to all others in S, the chooser selects that one alternative.
Suppose, however, there is a subset of alternatives in S guch that the
alternatives in the subset are each preferred to every altemative not in
the subset, while the alternatives in the subset are indifferent to each
other. This case would be one in which the highest indifference curve
that has a point in eommon with a given opportunity curve has at least
two points in common with it. In this case, the best thing to say is
that the choice made in § is the whole subset; the first case discussed is
one in which the subset in question, the choice, contains a single element.

Since we have not restricted the type of sets allowed, a third possi-
bility presents itself; there may be no alternative in S which is preferred
or indifferent to all others. That is, for every alternative in B, there is
another which is preferred to it. For example, suppose that an individual
prefers more money to less and that the alternatives in § include every
integral number of dollara. Or, if we wish to require that S is in some
sense bounded, consider the sequence of alternatives 14, 33, ¥4, ---,
1 -~ (1/n), --- dollars, There cannot really be said to be any rational
choice in this case. However, this mathematical point will not play any
part in the present work.

Preference and indifference are relations between alternatives. In-
stead of working with two relations, it will be slightly more convenient
to use a single relation, “preferred or indifferent.” The statement “z is
preferred or indifferent to ¢ will be symbolized by 2 Ry. The letter
R, by itself, will be the name of the relation and will stand for a knowl-
edge of all pairs such that # Ry. From our previous discussion, we
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have that, for any pair of alternatives = and y, either z is preferred to
y or y to z, or the two are indifferent. That is, we have assumed that
any two alternatives are comparable.® But this assumption may be
written symbolically, as

AxioM I: For all x and y, either t Ry ory B x.

A relation B which satisfies Axiom I will be said to be connected. Note
that Axiom I is presumed to hold when z = y, as well as when z is dis-
tinet from y, for we ordinarily say that z is indifferent to itself for any z,
and this implies z B .8 Note also that the word “or” in the statement
of Axiom I does not exclude the possibility of both t Ry and y R z.
That word merely asserts that at least one of the two events must oceur;
both may.

The property mentioned shove of consistency in the preferences be-
tween different pairs of alternatives may be stated more precisely, as
follows: If z is preferred or indifferent to i and y is preferred or indifferent
to 2, then x must be either preferred or indifferent to z. In symbols,

Axtom II: Forallx, y, and 2z, s Ry and y R z imply 2 K 2.

A relation satisfying Axiom Il is said to be transitive.” A relation satisfy-
ing both Axioms I and Il is termed a weak ordering or sometimes simply
an ordering. It is clear that a relation having these two properties
taken together does create a ranking of the various alternatives. The
adjective “weak” refers to the fact that the ordering does not exclude
indifference, i.e., Axioms I and II do not exclude the possibility that
for some distinet z and y, both B y and y E x. A strong ordering, on

8 The assumption of comparability of all alternatives is the heart of the integra-
bility controversy in the theory of consumer’s choice. See V. Pareto, Manusl
d’économie politique, deuxidme édition, Paris: M. Giard, 1927, pp. 546-569. TFor
some of the paradoxical consequences of nonintegrability (which is equivalent to
noncomparability of alternatives not infinitesimally close together), see N. Georgescu-
Roegen, “The Pure Theory of Consumer’s Behavior,” Quarterly Journal of Economics,
Vol 50, August, 1936, pp. 545-569. Professor Ville has derived the integrability
condition, and therewith the comparability of all alternetives, from some plausible
hypotheses on the nature of demand functions (J. Villé, ““Sur les conditions d’existence
d’une ophélimité totale et d'un indice du niveau des prix,"” Annelss de I'Université
de Lyon, Bection A, Vol. 3, No. 9, 1046, pp. 32-39).

¢ Btrictly speaking, & relation is seid to be connected if Axiom I holds for = = y.
A relation R is said to be reflexive if, forall z, z Rz. (See A, Tarski, Introduciion o
Logic, New York: Oxford University Press, 1941, pp. 93-94.) Thus & relation
satisfying Axiom 1 iz both connected and reflexive. However, for convenience, weo
will use the slightly inaccurate terminology in the text, that is, we will use the word
“connected” for the longer expression “connected and reflexive.”

* Tarski, ibid., p, 94.
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the other hand, is a ranking in which no ties are possible? A weak
ordering is a generalization of the concept “greater than or equal to”
applied to real numbers; a strong ordering generalizes the concept
‘“‘ereater than” applied to the same realm ?

It might be felt that the two axioms in question do not completely
characterize the concept of a preference pattern. For example, we ordi-
narily feel thal not only the relation B but also the relations of (strict)
preference and of indifference are transitive. We shall show that, by
defining preference and indifference suitably in terms of R, it will follow
that all the usually desired properties of preference pattems obtain.

DrrnrTioN 1: 3 P y 18 defined fo mean not y B =.
The statement “z P y” is read “z is preferred to 3.”
DeFvITION 2: 2 I yy means ¢ Ry and y B .

The statement “z I ¢’ is read “z is indifferent to .” It is clear that
P and I, so defined, correspond to the ordinary notions of preference
and indifference, respectively,

Levma 1: () Forallz, z Rz,
b) Ifz Py, thenz R y.
(c) fzPyandy Pz thenz Pe.
d)Ifclyandylz thenzlez.
(e) Forallzandy, either xRy oryPz.
) IfzPyandyRz thenx Pa.

All these statements are intuitively self-evident from the interpretations
placed on the symbols. However, it may be as well to give sketches of
the proofs, both to show that Axioms I and IT really imply all that we
wish to imply about the nature of orderings of alternatives and to illus-
trate the type of reasoning to be used subsequently.

Proor: (a) In Axiom I, let y = z; then for all z, either z Rz or
z R x, which i to say, z R z.

(b) Directly from Definition 1 and Axiom I.

(¢) From z Py and ¢ Pz, we can, by (b), deduce z Ry. Suppose
zRz. Then, from z R z and z B y, we could deduce z R y by Axiom JII.
However, from y P 2z, we have, by Definition 1, not z B y. Hence the

8 Frequently, indeed, the term “ordering relation” is reserved for strong orderings
(Tarski, sbid., pp. 96-97). However, in the present book the unmodified term
“ordering’’ or “ordering relation” will be reserved for weak orderings.

% A formal characterization of strong ordering relations will be given later, in dis-
cussing the recent work of Professor Duncan Black on the theory of elections; see
Chapter VII, Bection 2.
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supposition £ R z leads to a contradiction, so that we may agsert not
z R z, or z P 2z, by Definition 1.

(d) From z I y and y I z, we can, by Definition 2, deduce z R y and
y Rz, From Axiom II, then, z B z. Alsofrom z I yand ¢ I 2, by Defini-
tion 2, we have z R y and ¥ R z, which imply 2z B z, by Axiom II. Since
both z R z and z R z, £ I 2z by Definition 2.

(e) Directly from Definition 1.

(f} Suppose z R z. From 2z B z and y R 2 follows y B z, by Axiom II.
But, by Definition 1, z P y implies not y R z. Hence the supposition
2 B z leads to a contradiction. Therefore, not z R z, or = P 2.

For clarity, we will avoid the use of the terms “‘preference scale”
or “preference pattern’”” when referring to B, since we wish to avoid con-
fusion with the concept of preference proper, denoted by P. We will
refer to I a8 an “ordering relation” or “weak.ordering relation,” or,
more simply, as an “ordering” or “weak ordering.” The term ‘‘pref-
erence relation” will refer to the relation P.

In terms of the relation R, we may now define the concept of choice,
recalling that in general we must regard the choice from a given set of
alternatives as itself a set. If S is the set of alternatives available, which
we will term the environment,!® let C(S) be the alternative or alternatives
chosen out of 8. C(8) is, of course, a subset of 8. Iach element of
C(S) is to be preferred to all elements of S not in C(S) and indifferent
to all elements of C(8); and, therefore, if £ belongs to C(8), z B y for
all ¥ in 8. On the other hand, if in fact z By for all y in § and if z
belongs to S, then, by Definition 1, there is no element z in § such that
z P z. Hence, we may define C(S) formally as follows:

DEerFinTION 3: C(S) €8 the set of all alternatives z in S such that, for every
yinS,zRy.

C(8), it is to be noted, describes a functional relationship in that it
assigns a choice to each possible environment. We may call it the choice
function; it is a straightforward generalization of the demand function
as it appears in the theory of consumer’s choice under perfeet competi-
tion, the sets 8 there being budget planes.

Let [z, ] be the set composed of the two alternatives z and 3. Sup-
pose z Py. Then z Ry, by Lemma 1(b), and z R z, by Lemma 1(a},
so that z belongs to C(fz, ¥]); but, again by Definition 1, since z Py,
not ¥ R z, so that y does not belong to C([z, 3]), i.e., C([z, ¥]) contains
the single element x.

Conversely, suppose C([z, ]) contains the single element x. Since y
does not belong to C(lz, y]), not ¥ R z; by Definition 1, z P y.

® This term is J. Marschak’s.
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LemMa 2: A necessary and sufficient condition that z Py is that x be
the sole element of C([z, ¥]).

In case neither x Py nor y I’ z, we have, clearly, x I y, and this is
equivalent to saying that C([z, y]) contains both = and y. If, then, we
know C([z, ¥]) for all two-element sets, we have completely defined the
relations P and I and therefore the relation R; but, by Definition 3,
knowing the relation R completely determines the choice function C(S)
for all sets of alternatives. Hence, one of the consequences of the as-
sumptions of rational choiee is that the choice in any environment can
be determined by a knowledge of the choices in two-element environ-
ments

The representation of the choice mechanism by ordering relations, as
suggested above, has certain advantages for the present analysis over
the more conventional representations in terms of indifference maps or
utility functions. In regard to indifference maps, there is first the
obvious advantage of being able to consider alternatives which are
represented by vectors with more than two components. Second, the
usefulness of an indifference map usually rests to a large measure on the
assumption that the chooser desires more of each component of the
alternative to less, all other components remaining the same; this
assumption serves to orient the chart.® Since the present study is con-
cerned with the choice of a social state, each alternative has many com-
ponents which may be desirable under certain cireumstances and un-
desirable under others. Third, the use of an indifference map involves
asgumptions of continuity which are unnecessarily restrictive for the

U Instead of starting, as here, with a weak ordering relation R satisfying certain
axioms and then obtaining & choice function, it is possible to impose certain axioms
directly on the choice funetion. Tt s not hard, in fact, to construct a set of plausible
axioms concerning the choice function from which it is possible to deduce that there
exists a wesk ordering relation which could have generated the choice function, so
that the two approaches are logically equivalent. Starting with the choice function
instead of the ordering relation is analogous to the approach of Cournot, who started
with demand functions having postulated properties instead of deriving those prop-
erties from a consideration of indifference maps or utility functions. (A. Cournot,
Mathematical Principles of the Theory of Wealth, English trapalation, New York:
The Maemillan Co., 1897, pp. 40-560.) The sssumptions made by Cournot ahout
the demand function were not very restrictive. More sophisticated trestment of
demand from this point of view is to he found in the work of Ville, ep. cil., and
Bamuelson, op. cif., pp. 111-117. Both treatments concern only the case of con-
gumer’s choice under perfectly competitive conditions, but suitable generalization
to imperfectly competitive environmenta does not seem impossihle.

1 This brief statement is not accurate when the existence of a point of saturation
is assumed. However, the chart is then at least oriented uniformly within each of
several large segments, and the interesting econamic problems presumably oceur in
the region where the assumption made in the text holds.
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present purpose, especially since, in order to handle such problems as
indivisibilities, which have been productive of so much controversy in
the field of welfare economics, it is necessary to assume that some of
the components of the social state are discrete variables.

As for utility functions, there is first of all the formal difficulty that,
if insufficient continuity assumptions are made about the ordering, there
may exist no way of assigning real numbers to the various alternatives
in such a way as to satisfy the usual requirements of & utility function.
In any case, we would simply be replacing the expression = B y by the
expression [/{z) > U(y), and the structure of all proofs would be un-
changed, while the elegance of the whole exposition would be marred by
the introduction of the superfluous function U(z), whose significance
lies entirely in its ordinal properties. If we are concerned with ordinal
properties, it seems better to represent these directly.!?

3. Tar ORDERING OF S0oCIAL STATES

In the present study the objects of choice are social states. The most
precise definition of a social state would be a complete description of
the amount of each type of commodity in the hands of each individual,
the amount of labor to be supplied by each individual, the amount of
each productive resource invested in each type of productive activity,
and the amounts of various types of collective activity, such as municipal
services, diplomacy and its continuation by other means, and the erection
of statues to famous men. It is agsumed that each individual in the
community hag 2 definite ordering of all conceivable social states, in
terme of their desirability to him. It ia not assumed here that an indi-
vidual’s attitude toward different social states is determined exclusively
by the commodity bundles which accrue o his lot under each. It is
simply assumed that the individual orders all social states by whatever
standards he deems relevant. A member of Veblen's leisure class might
order the states solely on the criterion of his relative income standing
in each; a believer in the equality of man might order them in accordance
with some measure of income equality. Indeed, since, as mentioned
above, some of the components of the social state, eonsidered as a vector,
are collective activities, purely individusalistic assumptions are useless
in analyzing such problers as the division of the natioral income between

1 Similarly, in the field of production economics, it seerms more natura! to express
the transformation restrictions by saying that the input-output vector lies in a
certain point set than to introduce a transformation function and then subject the
operations of the firm to the condition 7 = 0. In this ease, the irrelevance of the
functional representation is even clearer since, if F(f) = 0 if and only if ¢ = 0, then
F{T) can be used as the transformation funetion just as well as T.
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public and privatc expenditure. The present notation permits perfect
generality in this respect. Needless to say, this generality is not without
its price. More information would be available for analysis if the gen-
erality were restricted by a prior knowledge of the nature of individual
orderings of social states. This problem will be touched on again.

In general, there will, then, be a difference between the ordering of
social states according to the direct consumption of the individual and
the ordering when the individual adds his general standards of equity
for perhaps his standards of pecuniary emulation).* We may refer to
the former ordering as reflecting the tastes of the individual and the latter
as reflecting his values. The distinction between the two i by no means
clear-cut. An individual with esthetic feelings certainly derives pleasure
from his neighbor’s having a well-tended lawn. Under the system of a
free market, such feelings play no direct part in social choice; yet psycho-
logically they differ only slightly from the pleasure in one’s own lawn.
Intuitively, of course, we feel that not all the possible preferences which
an individual might have ought to count; his preferences for mattera
which are “none of his business” should be irrelevant. Without challeng-
ing this view, I should like to emphasize that the decision as to which
preferences are relevant and which are not is itself a value judgment
and cannot be settled on an a priori basis. From a formal point of view,
one cannot distinguish between an individual’s dislike for having his
grounds ruined by factory emoke and his extreme distaste for the exist-
ence of heathenism in Central Africa. There are probably not a few
individuals in this country who would regard the former feeling as irrelc-
vant for social policy and the latter as relevant, though the majority
would probably reverse the judgment. I merely wish to emphasize here
that we must look at the entire system of values, including values about
values, in seeking for a truly general theory of social welfare.

Tt is the ordering according to values which takes into account all
the desives of the individual, including the highly important socializing
desires, and which is primarily relevant for the achievement of a social
maximum. The market mechanism, however, takes into account only
the ordering according to tastes. This distinction is the analogue, on
the side of consumption, of the divergence between social and private
costs in production developed by Professor Pigou.1*

4 This distinction has been stressed to the suthor by M. Friedman, The University
of Chicago.

s A, C. Pigou, The Economics of Welfare, London: Macmillan and Co., 1920,
Part I, Chapter VI. For the analogy, see Bamuelson, op. ¢it., p. 224; Reder, op. cit..
pp. 64-67; Q. Tintner, “A Note on Weliare Economics,” Economelrica, Vol. 14,
January, 1846, pp. 69-78.
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As for notation, we will let E; be the ordering relation for alternative
social states from the standpoint of individual {. Sometimes, when
several different ordering relations are being considered for the same
individual, the symbols will be distinguished by adding a superseript,
Corresponding to the ordering relation R;, we have the (strict) preference
relation P; and the indifference relation f;. If the symbol for the order-
ing has a prime or second attached (thus, B,/, B;’), then the correspond-
ing symbols for preference and indifference will have the prime or second
attached, respectively.

Similarly, society as a whole will be considered provisionally to have
a social ordering relation for alternative social states, which will be desig-
nated by R, sometimes with a prime or second. Social preference and
indifference will be denoted by P and I, respectively, primes or seconds
being attached when they are attached to the relation R.

Throughout this analysis it will be assumed that individuals are
rational, by which is meant that the ordering relations R; satisfy Axioms
I and II. The problem will be to construct an ordering relation for
society as a whole that will also reflect rational choice-making so that
R may also be assumed to satisfy Axioms I and II.

4, A DigrEssiON ON RATIONALITY AND CHOICE

The concept of rationality used throughout this study is at the heart
of modern economic analysis, and it cannot be denied that it has great
intuitive appeal; but closer analysis reveals difficulties. These may be
illustrated by consideration of the modern developments in the theory
of games and, in particular, the theory of zero-sum two-person games.'

18 The theory of games involving more than two persons or games in which the sum
of the payments to the various players is not independent of the methods of play
is still in 2 dubjous state despite the mathematically beautiful development in
von Neumann and Morgenstern, op. cit., Chapters V-XII. For example, the highly
developed mechanjsm of compensations needed for their theory of rational behavior
in such games appears to have little counterpart in the real world, as was pointed
out by Professor Bain in another connection (J. 8. Bain, “Output Quotas in Imperfect
Cartels,” Quarterly Journal of Economics, Vol. 62, August, 1948, pp. 617-622). On
the other hand, there can be little doubt that the theory of rational play of & zero-
gum two-person game has been completely solved, at least under certain restrictive
assumptions as to the risk-neutrality of the players and as to the completeness of
their information concerning the rules of the game. (See J. von Neumann, “Zur
Theorie der Gesellschaftsspiele,” Mathematische Annalen, Vol. 100, August, 1928,
pp- 295-320; von Neumsaun and Morgenstern, ep. eit.,, Chapters ITI-IV.) Hence
the theory of behavior in zerosum two-person games affords some sort of check on
the concepts of rationality derived to a large extent by analogy with the static theory
of the firm under perfect competition,
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As noted in Chapter II, Bection 2, one of the consequences of the
assumption of rationality is that the choice to be made from any set
of alternatives can be determined by the choices made between pairs of
alternatives. Suppose, however, that the gituation is such that the
chooser 18 never confronted with choices between pairs of alternatives;
instead, the environment may always involve many alternatives. In-
deed, that is precisely the situation in the theory of consumer’s choice
under perfect competition; the actual environment is always a whole
line or plane. But, under certain plausible conditions, we can say that
the choices made from the actual environments can be explained as
though they were derived from choices between pairs of alternatives;
and, at least conceptually, it makes sense to imagine the choices actually
being made from pairs of alternatives.

Superficially, the theory of rational behavior in the zero-sum two-
person game seems to fall into the same pattern. We could imsgine
each of the players considering all his possible strategies in turn, order-
ing them on the basis of the minimum profit (cr maximum loss) that he
could expect under each, and then choosing his best strategy by going
as high up on the resulting scale as he ecan. But the only reason why
we regard this solution as truly rational is that, if both players follow
it, neither one will have any incentive to change his strategy even if he
finds out the opponent’s. 'This is the essence of the famous min-max or
saddle-point theorem. The validity of this theorem, however, arises
from the fact that every time we admit a set of pure strategies into the
player’s environment, we also admit all mixtures of them, i.e., all proba-
bility distributions over such a set of pure strategies. Hence, the en-
vironment (set of admissible strategies), if it contains more than one
strategy, automatically contains an infinite number. Nor can we even
conceptually imagine the choice between two strategies; for, if this
limitation were real, a saddle-point would exist only in special cases, and
the ordering of the strategies by minimum profit would not lead to a
solution having the stability properties described above.

Thus, the model of rational choice as built up from pair-wise com-
parisons does not seem to suit well the case of rational behavior in the
described game situation. It seems that the essential point is, and this
is of general bearing, that, if conceptually we imagine a choice being
made between two alternatives, we cannot exclude any probability dis-
tribution over those two choices as a possible alternative. The precise
shape of a formulation of rationality which takes the last point into
account or the consequences of such a reformulation on the theory of
choice in general or the theory of social choice in particular eannot be
foreseen; but it is at least a possibility, to which attention should be
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drawn, that the paradox to be discussed below might be resolved by
such a broader concept of rationality.

Many writers have felt that the assumption of rationality, in the sense
of & one-dimensional ordering of all possible alternatives, is absolutely
necessary for economic theorizing; for example, Professor Rothsehild
remarks, “Unless economic units act in conformity with some rational
pattern no general theory about what would follow from certain premises
would be possible.” ¥ There seems to be no logical necessity for this
viewpoint; we could just as well build up our economic theory on other
sssumptions es to the structure of choice functions if the facts seemed
to call for it.® The work of the institutionalist school may be regarded
in part as such an attempt, though no systematic treatment has emerged.

The concept of choice functions not built up from orderings seems to
correspond to Rothschild’s “real irrationality”; however, such choice
functions need not be the product of impulsive behavior but may con-
ceivably arise from full reflection, as in the theory of games discussed
above. ‘

" K. W. Rothschild, “The Mearing of Rationality: A Note on Professor Lange's
Article,” Review of Economic Studies, Vol. 14, No. 1, 194647, p. 60. Rothschild
also attributes this view to Professor Lange, but there seems to be a misinterpretation.
Lange regards the assumption of rationality (which he identifies with ordering) as
a highly convenient postulate, if true, but not necessary. (O. Lange, “The Scope
and Method of Eeonomics,” #bid., Vol. 18, No. 1, 194546, p. 30.)

1t Like Lange, the present suthor regards economics as an attempt to discover
uniformities in a certain part of reality and not as the drawing of logical consequences
from a certain set of assumptions regardless of their relevance to actuality. Simplified
theory-building is an absolute necessity for empirical anslysis; but it is & means,
not an end.



Crarter IIT
THE SOCIAL WELFARE FUNCTION

1. FORMAL STATEMENT OF THR PROBLEM oF SociaL CHoIcn

I will largely restate Professor Bergson’s formulation of the problem
of making welfare judgments® in the terminology here adopted. The
various arguments of his social welfare function are the components of
what I have here termed the social state, so that essentially he is deserib-
ing the process of assigning a numerical social utility to each social state,
the aim of society then being deseribed by saying that it seeks to maxi-
mize the social utility or social welfare subject to whatever technological
or resource constraints are relevant or, put otherwise, that it chooses
the social state yielding the highest possible social welfare within the
environment. As with any type of behavior deseribed by maximization,
the measurability of social welfare need not be assumed; all that matters
is the existence of a social ordering satisfying Axioms I and II. As
before, all that is needed to define such an ordering is to know the rela-
tive ranking of each pair of alternatives,

The relative ranking of a fixed pair of alternative social states will
vary, in general, with changes in the values of at least some individuals;
to assume that the ranking does not change with any changes in indi-
vidual values is to assume, with traditional social philosophy of the
Platonic realist variety, that there exists an objective social good defined
independently of individual desires. This social good, it was frequently
held, could best be apprehended by the methods of philosophic inquiry.
Buch a philosophy could be and was used to justify government by the
elite, secular or religious, although we shall see below that the connection
is not & necessary one.

To the nominalist temperament of the modern period, the assumption
of the existence of the social ideal in some Platonic realm of being was
meaningless. The utilitarian philogophy of Jeremy Bentham and his
followers sought instead to ground the social good on the good of indi-
viduals. The hedonist psychology associated with utilitarian philosophy
was further used to imply that each individual’s good was identical
with his desires. Hence, the social good was in some sense to be a

1 Bergeon, “A Reformulation . . . ,” op. cit., passim.
22
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composite of the desires of individuals. A viewpoint of this type serves
as a justification of both political democracy and laissez-faire economics
or at least an economic system involving free choice of goods by con-
sumers and of occupations by workers.

The hedonist psychology finds its expression here in the assumption
that individuals’ behavior is expressed by individual ordering relations
R; Utilitarian philogophy is expressed by saying that for each pair
of social states the choice depends on the ordering relations of all indi-
viduals, i.e., depends on Ry, - - -, R, where n i3 the number of individuals
in the community. Put otherwise, the whole social ordering relation R
is to be determined by the individual ordering relations for social states,
Ry, -+, R.. We do not exclude here the possibility that some or all
of the choices between pairs of social states made by society might be
independent of the preferences of certain particular individuals, just as
a function of several variables might be independent of some of them.

DeriniTioN 4: By @ social welfare function will be meant a process or
rule which, for each set of indwidual orderings Ry, -++, R, for allernative
social states (oné ordering for each individual), staies a corresponding social
ordering of allernative social stales, R.

As a matter of notation, we will let B be the social ordering corre-
sponding to the set of individual orderings R, - - -, Ra, the correspond-
ence being that established by a given social welfare function; if primes
or seconds are added to the symbols for the individual orderings, primes or
seconds will be added to the symbol for the corresponding social ordering,

There is some difference between the concept of social welfare fune-
tion used here and that employed by Bergson. The individual orderings
which enter as arguments into the social welfare function as defined here
refer to the values of individuals rather than to their tastes. Bergson
supposes individual values to be such as to yield a social value judgment
leading to a particular rule for determining the allocation of productive
resources and the distribution of leisure and final products in accordance
with individual tastes. In effect, the social welfare function described
here is a method of choosing which social welfare function of the Bergson
type will be applicable, though, of course, I do not exclude the possi-
bility that the social choice actually arrived at will not be consistent
with the particular value judgments formulated by Bergson. But in the
formal aspect the difference between the two definitions of social welfare
function is not too important. In Bergson’s treatment, the tastes of
individuals (each for his own consumption) are represented by utility
functions, i.e., essentially by ordering relations; hence the Bergson social
welfare function is also a rule for assigning to each set of individual
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orderings a social ordering of sccial states. Furthermore, ag already
indicated, no sharp line can be drawn betwecn tastes and values.

A specia] type of social welfare function would be one which assigns
the same social ordering for every set of individual orderings. In this
case, of course, social choices are completely independent of individual
tastes, and we are back in the Platonic case.

If we do not wish to require any prior knowledge of the tastes of
individuals before specifying our social welfare function, that function
will have to be defined for every logically possible set of individual
orderings, Buch a social welfare function would be universal in the sense
that it would be applicable to any community. This ideal seems to be
implicit in Benthamite social ethics and in its latter-day descendant,
welfare economics.

However, we need not ask ourselves if such g universal social welfare
function can be defined. Let an admissible set of individual ordering rela-
tions be a set for which the social welfare function defines a correspond-
ing social ordering, i.e., a relation satisfying Axioms I and II. A uni-
versal social welfare function would be one for which every set of indi-
vidual orderings was admissible. However, we may feel on some sort
of a priori grounds that certain types of individual orderings need not
be admissible. For example, it has frequently been assumed or implied
in welfare economics that each individual values different social states
solely according to his consumption under them. If this be the case,
we ghould only require that our social welfare function be defined for
those sets of individual orderings which are of the type described; only
such should be admissible.

We will, however, suppose that our a priorl knowledge about the
occurrence of individual orderings is incomplete, to the extent that there
are at least three among all the alternatives under consideration for
which the ordering by any given individual is completely unknown in
advance. That is, every logically poseible set of individual orderings
of a certain set S of three alternatives can be obtained from some ad-
migsible set of individual orderings of all alternatives. More formally,
we have

ConprTioN 1: Among all the alternatives there e a set S of three
alternatives such thai, for any set of individual orderings Ty, ++-, Ty of
the alternatives in 8, there i3 an admissible sef of individual erderings
Ry, + -+, R, of all the alternalives such thai, for each individual ¢, z R; y
if and only of Ty for z and y tn 8.

Condition 1, it should be emphasized, i3 a restriction on the form of
the social welfare function since, by definition of an admissible set of
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individual orderings, we are requiring that, for some sufficiently wide
range of sets of individual orderings, the social welfare function give
rise to a true social ordering.

We also wish to impose several other apparently reasonable condi-
tions on the social welfare function.

2. PosITIVE ASBOCIATION OF SOCIAL AND INDIVIDUAL VALUES

Since we are trying to describe social welfare and not some sort of
illfare, we must assume that the social welfare function is such that the
gocial ordering responds positively to alterations in individual values,
or at least not negatively. Hence, if one alternative =ocial state rises
or remains still in the ordering of every individual without any other
change in those orderings, we expect that it rises, or at least does not
fall, in the social ordering.

This condition can be reformulated as follows: Suppose, in the initial
position, that individual values are given by a set of individual orderings
R;, - -+, Ra, and suppose that the corresponding social ordering R is
such that z P y, where x and y are two given alternatives and P iz the
preference relation corresponding to R, ie., defined in terms of R in
accordance with Definition 1. Buppose values subsequently change in
such a way that for each individual the only change in relative rankings,
if any, is that x is higher in the scale than before. If we call the new
individual orderings (those expressing the new set of values) By, - - -, Ry’
and the social ordering corresponding to them R/, then we would cer-
tainly expect that z P’ y, where P’ is the preference relation correspond-
ing to B’. This is & natural requirement since no individual ranks z
lower than he formerly did; if society formerly ranked » above y, we
should eertainly expect that it still does.

We have still to express formally the condition that z be not lower
on each individual’s scale while all other comparisons remain unchanged.
The last part of the condition can be expressed by saying that, among
pairs of alternatives neither of which is z, the relation B will obtain
for those pairs for which the relation R; holds and only such; in symbols,
forall ' = x and ¢ # z, 2" B,/ % if and only if 2" R; ¥'. The condition
that x be not lower on the E; scale than = was on the R; scale means
that z is preferred on the R, scale to any alternative to which it was
preferred on the old (&) scale and also that x is preferred or indifferent
to any alternative to which it was formerly indifferent. The two condi-
tions of the last sentence, taken together, are equivalent to the following
two conditions: (1) z is preferred on the new scale to any alternative
to which it was formerly preferred; (2) z is preferred or indifferent on
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the new scale to any alternative to which it was. formerly preferred or
indifferent. In symbols, for all 3, = R; 9’ implies z R ¥, and =z P; ¢/
implies z P;’ /. We can now state the second condition which our social
welfare function must satisfy.

Conprrion 2: Let Ry, +++, Roand Ry, - -, R, be two sels of individual

ordering relations, R and R’ the corresponding social orderings, and P and P’

. the corresponding social preference relations. Suppose that for each i the

two individual ordering velalions are connecled in the following ways: for

z’ and y' distinct from a given alternative z, ' R y' if and only of o' B; yf';

forally',z R,y impliesz R y/; for ally’, z P; y implies z P/ y'. Then,
ifzPyzPy

3. TaE INDEPENDENCE OF IRRELEVANT ALTERNATIVES

If we consider C(S), the choice function derived from the social order-
ing R, to be the choice which society would actually make if confronted
with a set of alternatives S, then, just as for a single individual, the
choice made from any fixed environment § should be independent of
the very existence of alternatives outside of 8. For example, suppose
that an election system has been devised whereby each individual lists
all the candidates in order of his preference and then, by a preassigned
procedure, the winning candidate is derived from these lists. (All actual
election procedures are of this type, although in most the entire list is
not required for the choice.) Suppose that an election is held, with a
certain number of candidates in the field, each individual filing his List
of preferences, and then one of the candidates dies. Surely the social
choice should be made by taking each of the individua¥s preference lists,
blotting out completely the dead candidate’s name, and considering only
the orderings of the remaining names in going through the procedure of
determining the winner. That is, the choice to be made among the
set 8 of surviving candidates should be independent of the preferences
of individuals for candidates not in S. To assume otherwise would be
to make the result of the election dependent on the obviously accidental
circumstance of whether a candidate died before or after the date of
polling. Therefore, we may require of our social welfare function that
the choice made by society from a given environment depend only on
the orderings of individuals among the alternatives in that environment.
Alternatively stated, if we consider two sets of individual orderings such
that, for each individual, his ordering of those particular alternatives
in & given environment is the same each time, then we require that the
choice made by society from that environment be the same when indi-
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vidual values are given by the first set of orderings as they are when
given by the second.

CoNorrion 3: Let Ry, -+, R, and Ry’ « - -, By’ be two sels of individual
orderings and lel C(8) and C'(S) be the corresponding social choice func-
tions. 1If, for all individuals i and all x and y in @ given environment S,
z B;y if and only if B/ y, then C(8) and C'(8) are the same (independ-
ence of irrelevant alternatives).

The reasonableness of this condition can be seen by consideration of
the possible results in 2 method of choice which does not satisfy Condi-
tion 3, the rank-order method of voting frequently used in clubs.2 With
a finite number of candidates, let each individual rank all the candidates,
i.e., designate his first-choice candidate, second-choice candidate, ete.
Let preassigned weights be given to the first, second, ete., choices, the
higher weight to the higher choice, and then let the candidate with the
highest weighted sum of votes be elected. In particular, suppose that
there are three voters and four candidates, z, ¥, z, and w. ULet the
weights for the first, second, third, and fourth choices be 4, 3, 2, and 1,
respectively. Suppose that individuals 1 and 2 rank the candidates in
the order z, ¥, 2, and w, while individual 3 ranks them in the order
z, w, z, and y. Under the given electoral system, x is chosen. Then,
certainly, if y is deleted from the ranks of the candidates, the system
applied to the remaining candidates should yield the same result, espe-
cially since, in this case, ¢ is inferior to z according to the tastes of
every individual; but, if  is in fact deleted, the indicated electoral
system would yield a tie between z and z.

A gimilar problem ariges in ranking teams in a contest which is essen-
tially individual, e.g., a foot raee in which there are several runners
from each college, and where it is desired to rank the institutions on
the basis of the rankings of the individual runners. This problem has
been studied by Professor E. V. Huntington,®? who showed by means
of an example that the usual method of team scoring in those circum-
stances, a method analogous to the rank-order method of voting, was
inconsistent witb & condition analogous to Condition 3, which Hunting-
ton termed the postulate of relevancy.

The condition of the independence of irrelevant alternatives implies
that in a generalized sense all methods of social choice are of the type of

2 This example was suggested by a discussion with Q. E. Forsythe, National
Bureau of Standards.

* K. V. Huntington, “A Paradox in the Scoring of Competing Teams,” Science,
Vol. 88, September 23, 1938, pp. 287-288., I am indebted for this reference to
J. Marschak,
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voting. If 8 is the set [z, ¥] consisting of the two alternatives z and y,
Condition 3 tells us that the choice between x and ¥ is detevmined solely
by the preferences of the members of the community as between z and 3.
That is, if we know which members of the community prefer z to y,
which are indifferent, and which prefer ¥ to z, then we know what
choice the community makes. I{nowing the social choices made in pair-
wise comparisons in turn determines the entire social ordering and there-
with the social choice function C(8) for all possible environments.
Condition 2 guarantees that voting for a certain alternative has the
usual effect of making surer that that alternative will be adopted.

Condition 1 says, in effect, that, as the environment varies and indi-
vidual orderings remain fixed, the different choices made shall bear a
certain type of consistent relation to each other. Conditions 2 and 3,
on the other hand, suppose & fixed environment and say that, for certain
particular types of variation in individual values, the various choices
made have a certain type of consistency.

4. Tre ConbITioN oF CITIZENS’ SOVEREIGNTY

We certainly wish to assume that the individuals in our society are
free to choose, by varying their values, among the alternatives available,
That is, we do not wish our social welfare function to be such as to
prevent us, by its very definition, from expressing a preference for some
given alternative over another.

Dermvirion 5: A social welfare funciion wtll be seid to be imposed
if, for some pair of distinct allernatives © and y, = R y for any set of indi-
vidual orderings Ry, - -+, By, where B is the social ordering corresponding
fo By, -+, B

In other words, when the social welfare function is imposed, there
ig gome pair of alternatives z and y such that the community can never
express a preference for y over z no matter what the tastes of all indi-
viduals are, even if all individuals prefer ¥ to x; some preferences are
taboo. (Note that, by Definition 1, asserting that = £ y holds for all
sets of individual orderings is equivalent to asserting that y P z never
holds.)

At the beginning of this study, allusion was made to the type of social
choice in which decisions are made in accordance with a customary
code, It is arguable whether or not Definition 5 catches the essence of
the intuitive idea of conventional choice. In the true cage of customary
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restraints on social choice, presumably the restrainis are not felt as
such but really are part of the tastes of the individuals. The problems
here involve psychological subtleties; can we spesk, in the given situ-
ation, of true desires of the individual members of the society which are
in conflict with the custom of the group?

If the anawer to the last question is yes, then Definition 5 is indeed
a correct formalization of the concept of conventionality. But we need
not give a definite answer, and this is especially fortunate sinee an
examination of the question would take us very far afield indeed. For
certainly we wish to impose on our social welfare function the condition
that it not be imposed in the sense of Definition 5; we certainly wish
ell choices to be possible if unanimously desired by the group. If Defini-
tion 5 is not a model of customary choiee, it is at least a model of external
control, such as obtains in a colony or an occupied country.

ConprTion 4: The social welfare function is not to be imposed.

Condition 4 is stronger than need be for the present argument. Some
decisions as between given pairs of alternatives may be assumed to be
imposed. All that is required really is that there be a set S of three
alternatives such that the choice between any pair is not constrained in
advance by the social welfare function. This set S must also have the
preperties indicated in Condition 1.

If the answer to the question asked earlier is that there is no sense
in speaking of a conflict of wills between the individual and the sacred
code, then we have a situation in which it is known in advance that the
individual orderings of social alternatives conform to certain restrie-
tions, i.e., that certain of the choices made by individuals are preassigned.
In that case, we might desire that the social welfare function be defined
only for sets of individual orderings compatible with the known socio-
ethical norms of the community; this requirement may involve a weaken-
ing of Condition 1. This point will be discussed at greater length in
Chapter VII. ’

It should also be noted that Condition 4 excludes the Platonic case
discussed in Section 1 of this chapter. It expresses fully the idea that
all social choices are determined by individual desires. In conjunction
with Condition 2 (which insures that the determination is in the direc-
tion of agreeing with individual desires), Condition 4 expresses the same
idea as Bergson’s Fundamental Value Propositions of Individual Pref-
erence, which state that, between two alternatives between which all
individuals but one are indifferent, the community will prefer one over
the other or be indifferent between the two according as the one indi-
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vidual prefers one over the other or is indifferent between the two.*
Conditions 2 and 4 together correspond to the usual concept of con-
gumer’s sovereignty; since we are here referring to values rather than
tastes, we might refer to them as expressing the idea of citizens’
sovereignty.

5. Tue CoNprrioNn oF NONDICTATORSHIP

A second form of social choice not of a collective character is the
choice by dictatorship. In its pure form, it means that social choices
are to be based solely on the preferences of one man. That is, when-
ever the dictator prefers z to y, so does society. If the dictator is in-
different between z and y, presumably he will then leave the choice up
to some or all of the other members of society.

DrrNITION 6: A soctal welfare funclion is said o be dictatorial if there
exists an individual i such that, for all z and y, = P;y implies z Py re-
gardless of the orderings Ry, +++, Ry of all individuals other than 1, where
P is the soctal preference relation corresponding to Ry, +« -, Ra.

Since we ate interested in the construction of collective methods of
gocial choice, we wish to exclude dictatorial social welfare functions.

ConprrioN 5: The social welfare function is nof fo be diclatorial (non-
dictatorship).

Again, it cannot be claimed that Definition 6 is a true model of actual
dictatorship. There is normally an element of consent by the members
of the community or at least a good many of them. This may be ex-
pressed formally by saying that the desires of those individuals include
a liking for having social decisions made by a dictator ® or at least a
liking for the particular social decisions which they expect the dictator
to make. The idea of a taste for dictatorship on the part of individuals
will be discussed in Chapter VII at gomewhat greater length. However,
in any case, Condition 5 is certainly a reasonable one to impose on the
form of the social welfare function.

We have now imposed five apparently reasonable conditions on the
construction of a social welfare function. These conditions are, of course,

+ Bergson, “A Reformulation . . . ,” op. cit., pp. 818-320. The Fundamental
Value Propositions of Individual Preference are not, strictly speaking, implied by
Conditions 2 and 4 (in conjunction with Conditions 1 and 3), though something
very similar to them is so implied; see Consequence 3 in Chapter V, Section 3. A
slightly stronger form of Condition 2 than that stated here would suffice to yield the
desired implication.

¢ See E. Fromm, Escape from Freedom, New York: Rinehart and Co., 1941, 305 pp.
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value judgments and could be ealled into question; taken together they
express the doctrines of citizens’ sovereignty and rationality in a very
general form, with the citizens being allowed to have a wide range of
values. The question raised is that of constructing a social ordering of
all conceivable alternative social states from any given set of individual
orderings of those social states, the method of construction being in
accordance with the value judgments of citizens’ sovereignty and ration-
ality a8 expressed in Conditions 1-5.

6. THE Bummarion oF UTiLITIES

It may be instructive to consider that proposed social welfare function
which has the longest history, the Bentham-Edgeworth sum of indi-
vidual utilities. As it stands, this form seems to be excluded by the
entire nature of the present approach, since, in Chapter II, Section 1,
we agreed to reject the ides of cardinal utility, and especially of inter-
personally comparable utility. However, presumably the sum of utili«
ties could be reformulated in a way which depends only on the individual
orderings and not on the utility indicators. This seems to be implied
by Bergson’s discussion of this social welfare function; ¢ though he pre-
sents & number of cogent arguments against the sum-of-utilities form,
he does not find that it contradicts the Fundamental Value Propositions
of Individual Preference (see Section 4 above), which he would have to
if he did not consider that form to be determined by the individual
orderings. The only way that I can see of making the sum of utilities
depend only on the indifference loci is the following: Since to each indi-
vidual ordering there corresponds an infinite number of utility indicators,
set up an arbitrary rule which assigns to each indifference map one of
its utility indicators; then the sum of the particular utility indicators
chosen by the rule is a function of the individual orderings and can be
used to establish a social ordering.

Obviously, this formation of the sum of utilities will lead to different
decisions in a given situation with different choices of the rule. For
any rule, Condition 1 is satisfied. However, Conditions 2 and 3 essen-
tiglly preseribe that, for a given environment, the choice made shall
vary in a particular way with certain variations in the orderings of indi-
viduals. This being go, it is clear that for the sum of utilities to satisfy
Conditions 2 and 3, it would be necessary for the rule to be stringently
limited; in fact, the general theorem, established in Chapter V, guar-
antees that the only rules which would make the sum of utilities satisfy
Conditions 2 and 3, if any, lead it to violate either Condition 4 or Condi-

 Bergson, “A Reformulation . . . ,” op. cil,, pp. 324, 327-328.
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tion 5. TIndeed, according to Theorem 3 in Chapter VI, Section 3, the
same would be true even if it were assumed that the utility of each indi-
vidual depended solely on his own consumption. I have not been able
to construct a special proof of this fact for the sum of utilities which is
essentially different from the proof of the general theorem.

Tt may be of interest, however, to consider a particular rule for assign-
ing utility indicators to individual orderings.” Assume that the indi-
vidual orderings for probability distributions over alternatives obey the
axioms of von Neumann and Morgenstern;® then there is a method of
assigning utilities to the alternatives, unique up to a linear transforma-
tion, which has the property that the probability distributions over
alternatives are ordered by the expected value of utility. Assume that
for each individual there is always one alternative which is preferred or
‘indifferent to all other conceivable alternatives and one to which all
other alternatives are preferred or indifferent. Then, for each individual,
the utility indicator can be defined uniquely among the previously de-
fined class, which ig unique up to a linear transformation, by assigning
the utility 1 to the best conceivable alternative and 0 to the worst con-
ceivable alternative. This assignment of values is designed to make
individual utilities interpersonally comparable.

It is not hard to see that the guggested assipnment of utilities is ex-
tremely unsatisfactory. Suppose there are altogether three alternatives
and three individuals. Let two of the individuals have the utility 1 fof
alternative z, .9 for y, and O for 2; and let the third individual have the
utility 1 for ¢, .5 for z and 0 for z. According to the above criterion, ¥
is preferred to z. Clearly, 2 is a very undesirable alternative gince each
individual regards it as worst. If z were blotted out of existence, it
should not male any difference to the final outcome; yet, under the pro-
posed rule for assigning utilities to alternatives, doing so would cause
the first two individuals to have utility 1 for =z and 0 for y, while the
third individual has utility 0 for z and 1 for y, so that the ordering by
sum of utilities would cause z to be preferred to y.

A simple modification of the above argument shows that the proposed
rule does not lead to a sum-of-utilities social welfare function consistent
with Condition 3. Instead of blotting z out of exiatence, let the indi-
vidual orderings change in such a way that the first two individuals find
z indifferent to z and the third now finds z indifferent to y, while the
relative positions of z and y are unchanged in all individual orderings.
Then the assignment of utilities to z and y becomes the same as it

7' This particular rule was sugeested by A. Kaplan,
8 8ee {n. 1, Chapter II.



#EC, 6] THE BUMMATION OF UTILITIES 33

became in the case of blotting out 2 entirely, so that again the choice
between z and y is altered, contrary to Condition 3.

The above result appears to depend on the particular method of
choosing the units of utility. But this is not true, although the paradox
is not so obvious in other cases. The point is, in general, that the choice
of two particular alternatives to produce given utilities (say 0 and 1)
is an arbitrary act, and this arbitrariness is ultimately reflected in the
failure of the implied social welfare function to satisfy one of the condi-
tions laid down.



CrarTER IV
THE COMPENSATION PRINCIPLE

1. Tae PaAymMeENT oF COMPENBATION

To elarify further the difficulties in constructing a social welfare fune-
tion, let ua consider another proposed form, the compensation prineiple.
This term has been used to denote two different, though related, methods
of forming social choices from individual orderings.! One is the dietum
that, if there is a method of paying compensations such that, if society
changes from state ¥ to state z and then makes compensations according
to the rule, each individual prefers the resultant state to state y (or
each individual either prefers the resultant state to state ¥ or is indifferent
between them and at least one individual actually prefers the resultant
state), then the community ought to prefer z to ¥ if the compensations
are made.

This formulation is certainly not debatable except perhapa on a
philosophy of systematically denying people whatever they want. Actu-
ally, it is a rather roundabout way of saying something simple. For
what is relevant iz not the state z before the compensations are paid
but the state which is achieved by first changing from ¥ to = and then
making the indicated compensations. It is really the latter state which
is preferred to y; let us redesignate this state by z. In the language we
have been using, we mey say that z Py if z R,y for all 7 and z P; % for
at least one value of 7, where P is the social preference relation corre-
gponding to the individual orderings E;, ---, R.. If we supplement
this with the statement that = I y if z I; y for all 4, then we have simply
Professor Bergson’s Fundamental Value Propositions of Individual
Preference.?

Let us now define a relation, z Q y, as follows:

(1) z Q y means that, for all ¢, z B; y.

It has been assumed that, for all 7, R; is a weak ordering relation and so
satisfies Axioms I and II. ¥From Lemma 1(a),

(2) Joralli,z R; .

18se Reder, op. cil., Chapter 1, especially pp. 14, 17.
* See fn. 4, Chapter ITL.
34
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From Axiom II,

3) Joralli, z B;y and y R; 2 tmply z R; 2.
From (2) and (1), it is clear that,

4) forallz, zQz.

Suppose thet we have z @ y and y Q 2; then, for each i, z R; y and y R; 2,
by (1), so that, for each ¢, z B;z, by (38). But then, by (1), zQ=.
Therefore,

(b) Joralz yondz, zQyandyQzimply z Q2.

For convenience, we will introduce a formal definition for relations
having properties (4) and (5).

DermiTION 7: @ 78 said to be ¢ quasi-ordering if,
(a) forall z, z Q@ =;
(b) forallz, y,end z, t Qy ond y @ z imply = Q 2.2

Note that under this definition some pairs of alternatives can be com-
pared under a given quasi-ordering while there may be other pairs that
are not comparable, i.e., such that neither z @ y nor y Q@ .

We are saying, then, that the particular relation @ defined by (1) is
a quasi-ordering of the space of alternatives. Buppose that, in the case
of our particular @, we know that the individual orderings R,, -+, R,
are such that x @ ¥. Then we certainly feel that we could assert that

z Ry, though we would not be able to assert that z Py, since, for
" example, we can have z £ y because z I; y for each 4.

Suppose, in the case of the relation ¢ defined by (i), we know that
the individual orderings are such that z ) y and not ¥y @ z. From (1),
this means that for all 4, z R;y, while, for at least one 2, not y R; z,
which, by Lemma 1(e), means that, for at least one 4, # P;y. This is
the sssumption of the form of the compensation principle with which
we started. We would feel it reasonable to require that, under these
circumstances,  Py. Summing up, the relations between € and the
social ordering R are that z @ y implies z R i, and that z @ ¥ and not
y Q x imply z By and not y R z. We shall introduce this as a general
definition.

DerinimioN 8: R 15 said to be compatible with Q if

(a) R is a weak ordering;

(b) Q 48 a quasi-ordering;

(c) forallz and y, T Q y impliet z R y;

(d) forall x and y, z Q@ y and not y Q z imply not y R z.

3 . Birkhoff, Lattice Theory, New York: American Mathematical Society, 1940,
p. 7.
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Let the particular quasi-ordering @ defined by (1) be known as the
unanimily quasi-ordering. It depends, of course, on the particular set
of individual orderings. The “‘compensation principle” diseussed in this
section may be restated as follows: For any set of individual orderings,
the corresponding social ordering is compatible with the unanimity quasi-
ordering. As already noted (fn. 4, Chapter III), this principle is not
deducible from Conditions 1-5 as they now stand, but it would be de-
dueible if a slight modification in the statement of Condition 2 were
made. N

This formulation supgests the following problem: If x and y are both
in an environment 8, and z Q ¥ but not ¥ Q z, then z P y, so that, by
Definition 3, ¥y would not belong to C(8). Hence, if we could find all
alternatives y in 8 for which there exists an z in S such that = Q ¥ and
not y Q z, we could exclude all such y from consideration in seeking to
determine C(8); or, if we could find all alternatives z for which there
do not exist any y such that y @ x but not = Q ¥, we would know that
C'(S) must be contained among such alternatives. Alternatives z having
this property may be termed maximal.

The study of the last problem, under particular assumptions as to
the nature of 8§ and of the individual orderings, has indeed been the
main content of what is sometimes called the new welfare economics. 4
Investigation along these lines has been encouraged by the idea that
these results are independent of any but the most indisputable value
judgments. But though the study of maximal alternatives is possibly

¢ The first formulation of the problem in this form is by V. Pareto (op. cit., pp. 354
365, 617-657). The details were elaborated by E. Barone (“The Ministry of Pro-
duction in the Collectivist State,” in Collectivist Economic Planning, F. A. von
Hayek, ed., London: Routledge and Sons, 1935, pp. 245-280). Subsequently, there
was a revivel and further development by A, P. Lerner (“The Concept of Monopoly
and the Measurement of Monopoly Power,” Review of Econemic Studies, Vol. 1,
June, 1933, pp. 182-165; see also his Feonomics of Control, op. cit.). A completely
rigorous formulation of the results was given by H. Hotelling (*The General Welfare
in Relation to Problems of Taxation and Railway Rates,” Eeonometrica, Vol. 6,
July, 1038, pp. 248-256), and the whole subject is systematically expounded by
0. Lange (“The Foundations of Welfare Economics,” op. cit., pp. 215-218). It may
be remarked that use is made of the miaximization methods of the calculus or their
graphical equivalents in deriving the result that the maximal alternatives are precisely
those states which would be achieved if ench individusl acted rationally and selfishly
in the presence of prices taken as parameters by him. The use of the caleulus in
these cireumstances involves the assumption that each individual consumes some
amount of each commodity, The role of this assumption has been pointed out by
8. Kuznets in & slightly different context (““On the Valustion of Socizl Income-
Reflections on Professor Hicks’ Article,’”” Economica, Vol. 15, New Series, February,
1948, pp. 2-6). The theorem in question is valid without the additionsl assumption;
but ordinary caleulus methods apparently fail
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a useful preliminary to the analysis of particular social welfare functions,
it is hard to see how any policy recommendation can be based merely
on a knowledge of the maximal alternatives. There is no way of deter-
mining which maximal alternative to decide on; furthermore, even if the
current social state i8 known to be nonmaximal, so that several other
alternatives are known to be better than it, there is no way of knowing
which of these other alternatives to change to, so that the community
will find iteelf in much the same position as Buridan’s ass. There is
the less need to discuss the insufficiency of the new welfare economics
as 8, basis for social choice since this point has been argued so well by
Professor Samuelson.®

However, we may go even further than Samuelson and doubt that
any study of maximal alternatives will actually be useful in studying
those aspects of social choice which are directly related to consumer’s
(and worker’s) choice. The currently accepted doetrine in this field is
that at the social optimum the marginal rate of substitution between
two commodities be the same for all consumers. This is derived on the
hypothesis that each individual orders social states solely in accordance
with the commeodities that he receives under each. But it will be shown
in Chapter VI that no social welfare function consistent with Condi-
tions 1-5 can be formed if it is assumed that individual orderings of
social states are formed in the individualistic manner just sketched, for
this is precisely the situation in which the valuations placed on alterna-
tive income distributions by different individuals conflict most sharply.
That is, the current analysis of maximal social states is applieable pre-
cisely when it cannot serve the function of a preliminary to a complete
enumeration of the social ordering. This argument will be somewhat
qualified in Chapter VI, Section 3.

Of course, a study of maximal social states can be made on other than
individualistic assumptions as to the tastes of individuals. But clearly
it is necessary first to study the assumptions on individual orderings
which will permit the formation of satisfactory social welfare functions
before proceeding with the determination of maximal social states.

The same argument does not hold against the corresponding study of
the optimum conditions on the production side; hut the reason is that
these conditions relate to resources whose employment in alternative
uses is indifferent to every member of the community except indirectly
because of the varying productivity of those resources in the different
uses.® It is only this assumption that really distinguishes the optimal
conditions of production from those of exchange.

50p. cil., pp. 249-202.
o Bergaon, “A Reformulation . . . ,” op, cil., pp. 316-317.
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2, Tax PossisiLiTy oF COMPENBATION

The compensation principle has been given another meaning first intro-
duced by Mr. Kaldor:™ In a choice between two alternatives = and y,
if there is a method of compensation under state z such that everybody
can be made better off in the state resulting from making the com-
pensations under z than they are in ¥ (or everybody can be made at least
asg well off ag in etate y and at leagt one person better off), then x should
be chosen above y, even if the compensation ¥s niof actually paid. It is not
contended that the choice pattern dictated by the above rule, which
we may term the Kaldor compensation principle, is necessarily optimal
from a deeper ethical viewpoint since, of course, it is not precluded
that the income distribution prevailing under z might be very unjust
indeed. However, Kaldor argues that we can at least say that z is
better than y from the viewpoint of aggregate production, leaving the
problem of distribution to be settled separately.

The Kaldor compensation principle has been strongly endorsed by
Professor Hicks, and criticized by Mr. Baumol.? The latter’s argument
is twofold: (1) the principle carries with it an implicit interpersonal
comparison of utility since the potential (but not actual) compensations
which are used in the reckoning are measured in money terms, and the
social value of a unit of money is therefore reckoned to be the same in
the hands of a rich man as in the hands of & poor man; (2) even in the
seemingly innocuous case where everybody is actually better off under
slternative z than under alternative y, to say that z is better would
be valid only in some sort of utilitarian scheme of ethies. The Iatter
point, a8 has already been seen, is no doubt formally valid in that some
sort of value judgment is involved; but the value judgment in question
is such a generalized one that we would all be well content to assume
it. This is especially 8o if it is realized that being “better off”’ may be
a funetion not only of the individual’s own consumption, but alsoc of
that of others and of the social streture in general, as Baumol himgelf
observes in a footnote, ‘

7 Op. ¢it., Chapter T, fn, 0.

8 Hicks, op. cif., pp. 608-701, 711-712; W. J. Baumol, “Commurity Indifference,”
Rewview of Feonomic Studies, Yol. 14, No. 1, 104647, pp. 44-48. Professor Hotelling
(op. cit., p. 267) also has suggested application of & principle equivalent to the Kaldor
principle but in & much more circumseribed way, Tt is clear from the context that
the situation he envisages is one in which the society to begin with is in & maximal
state, as defined in the last section (all prices equal marginal costs), and the choico
is between making and not making an indivisible investment, the opportunity for

which had not previously existed. In suoch & case, the Kaldor principle servea merely
as a devioe to keep the economy in a maximal state in the face of changing conditions.
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The first objection seems to be somewhat vague. It is true that the
resulta of applying the Kaldor principle would be the same as those of
applying the summation-of-utilities criterion when the marginal utility
of real income is constant and the same from individual to individual—
assuming that the last proviso makes any sense—but this statement
i8 not the same as saying that the Kaldor compensation principle as-
sumes interpersonal comparison of utility. Rather, the Kaldor principle
amounts to choosing utility indicators for various individuals’ indiffer-
ence maps according to a rule which makes the marginal utility of in-
come have certain properties; see Chapter II1, Section 6. Of course, this
means that the principle is arbitrary in the sense that some other rule
of chooging utility indicators could have been chosen, TFor example,
instead of finding out from each individual how much of a compensation
(positive or negative} each individual would require in state z so that
he would be just as well off as in state y and then saying that the com-
munity is better off under = than under y if the sum of these compensa-
tions is positive, we might find out what fraction (positive or negative)
of his income under state x each individual would require to be as well
off as in state y and then say that the community is better off under z
than under y if the sum of these fractions is positive.? The latter rule
bears the same relation to the Bernoulli assumption, that the marginal
utility of income is inversely proportional to the income, that the Kaldor
rule bears to the assumption of constant marginal utility of income.
Essentially, Baumol’s objection, then, is to the arbitrary nature of
Kaldor's principle.

However, even though the Kaldor compensation principle is one of
an infinite clags, all of which have about the same degree of ‘‘reasonable-
ness,” it still may be in order to ask if this class at least belongs among
the principles for social action which are not to be definitely discarded
for some reason. A matter which immediately springs to mind is the
desirability of the goal which Kaldor and Hicks set for themselves, that
of separating the production aspects of a desired change in social state
from the distribution aspects. Any given choice is made on the basis
of both considerations; even if a clear-cut meaning were given to an
ordering of social states in terms of production, it would not be in the
least obvious what use that ordering would be in relation to the desired
crdering of social states in terms of all relevant factors, including dis-
tributional elements as well as production.

But a deeper objection is that, in & world of more than one commodity,
there is no unequivocal meaning to comparing total production in any
two gocial states save in terms of some standard of value which makes

* This rule has been tentatively suggested by F. Modigliani.
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the different commodities commensurable; and usually such a standard
of value must depend on the distribution of income. In other words,
there is no meaning to totel output independent of distribution. In a
one-commodity world, i.e., one consumers’ good and no labor, of course,
the ambiguity disappears, and the Kaldor principle says to maximize
the total output of the one commodity.** But in general it would appear
that, if a state y is discarded and replaced by a state z in accordance
with the instructions given by the Kaldor principle, the standard of
value used in defining total output is then different from what it formerly
was, 50 that we have, as Baumol says, “a measuring rod which bends,
streteches, and ultimately falls to pieces in our hands.” 11

This argument fits well into our formal frammework. The Kaldor
compensation principle is being propozed as a social welfare function in
the sense of Definition 4. Consider the relation z C y, meaning *z is
derivable from y by means of compensation payments.” For a given
set of individual orderings, let R be the corresponding social ordering,
P the corresponding social (strict) preference relation (see Definition 1),
and @ the unanimity quasi-ordering introduced in the last section. Then
Kaldor's principle says that z P y if there exists an alternative z' auch
that ' C z, ' @y, and not ¥ @ z'. It is immediately clear that the
Kaldor principle, as stated, violates Condition 3, for, if we do not have
both z € ¥ and not % § =, the choice between z and y depends on the
relation @ as between some alternatives not in [z, %] and ¥, and therefore
depends on the orderings of individuals for alternatives not in [z, y].

However, we may restate matters in such a way that the Kaldor
principle does not violate Condition 3, and I believe this restatement
will carry out the meaning of Kaldor and Hicks. The relation ¢ which
waa introduced may be postulated to have the following properties:

{1) Jorallz, xCux;
@) Jorall x and y, z C 3 implies y C x;
3) Jorallz, yandz, 2Cyand yCezimply 2 C 2.

The meaning of these properties is obvious: the first property holds
since = can be derived from itself by having everybody pay zero com-
pensation; the second holds since, if  can be derived from % by having
individual ¢ pay compensation ¢; (positive or negative), then y can be

® The assumption of a single commodity has been employed in some of the most
illuminating discussions of optimal conditions. See K. Wicksell, Lectures on Politica}
Econemy, London: G. Routledge and Sons, 1935, Vol. I, p. 140; F. H. Knight,
“Fallacies in the Interpretation of Social Cost,” in The Ethics of Compelition and
Other Essays, op. cil., p. 219.

U Op. eil., p. 46.
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derived from z by having individual  pay compensation - ¢;; the third
holds since, if z can be derived from y by having individual £ pay c;
and y from z by having individual ¢ pay ¢/, then z can be derived from 2
by having individual ¢ pay ¢; 4 ¢/

A relation C having properties (1)~(3) is frequently referred to as an
equivalence or equivalence relation.”? The relation of indifference is one
example of such a relation. Asg is well known, the indifference relation
or any other equivalence can be used to divide the entire original space
into mutually exclusive subsets such that each element of any one subset
bears the given Jelation to any other element of that subset, while, if
two elements belong to different subsets, the given relation does not
hold between them. For example, the indifference relation divides the
space of commodity bundles into indifference loci, which have the pre-
scribed properties. In a similar way, the relation € divides all possible
social states into mutually exclusive subsets such that z C y for any =
and ¥ in the same subset, while neither z € y nor y € z if z and y are not
in the same gubzet.!* Any one of these subsets may be referred to as
a compensatory-equivalent class. The spirit of the Kaldor-Hicks ap-
proach is to consider two elements of the same compensatory-equivalent
class as being at the same level of production; the choice among such

12 Tarski, op. cit., pp. 94-08.

2 A formal proof of this assertion can easily be given. It is required that the
totality of social states be divided into subsets having the following properties:
{a) every social state is in at least one of the subsets; (b) if z and y are in the same
subset, then z C y; (c) if two subseta do not coincide in their entirety, then they are
completely disjoint, i.e., either every element of one is an element of the other or
the two sets have no elements in common; (d) if z and y are in different subsets,
then neither x Cy nory C z,

We may econstruct these subsets, or equivalence classes, as we shall call them, as
follows: for any given alternative z, let the set of all alternatives z' such that z' C'z
be known as the equivalence class generated by r. The equivalence classes generated
by ell the social states constitute the subsets having the desired properties,

Proor: (a) By (1), every alternative z is in the equivalence class generated by z.

(b) Let z and y both be in the equivalence class generated by 2. Then, by defini-
tion, zC2z and y Cz. By (2), the second statement implies z €' y; from = C 2z and
2 C y follows = C ¢ by (3).

(¢} I.et €y and Cj be two equivalence classes which have an element 2 in common,
Let €1 be generated by z, and let 2’ be any element of C». By (b), ' Czand z ¢ z,
since ¢ is in both C) and Cs; by (3), 2’ C 2, 8o thet z' is in €Y, by definition. Hence,
every element of Cy js in C; aimilarly, every element of € is in Cy, so that ¢y and Ce
coincide in their entirety.

{d) Buppose that z is in Cy, y in C, and 2z Oy, where C1 and Cy are not entirely
coincident. Let C; be generated by z; then y € ¢ by definition, and z C 2 by (3}, so
that z is in C; by definition. Then € and C; have the element z in common and
mist, by (c), coincide completely, contrary to hypothesis. Hence, not z C y; by
the same reasoning, not y C z.
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elements is a question of ethical standards concerning distribution. In
line with this, we may imagine a preliminary value judgment as to
distribution, selecting from each compensatory-equivalent class one
gocial state which is to be considered admissible. The purpose of the
Kaldor principle is then only to rank the admissible alternatives. The
other alternatives in any compensatory-equivalent class exist only for
the purpose of caleulation. Suppose we interpret Condition 3 as requir-
ing only that the choice between any two admissible alternatives be
invariant under a change in the individual orderings of other admissible
alternatives (not necessarily under changes in the individual orderings
of nonadmissible alternatives or in the comparisons between nonadmissi-
ble and admissible alternatives). Then Condition 3 is satisfied by this
restricted form of the Kaldor principle.!4

But, even with this modification, the social welfare function defined
by the Kaldor compensation principle is not compatible with Condi-
tion 1, i.e., the social ordering of alternatives generated out of the indi-
vidual orderings is not even a consistent ranking of those alternatives
in the sense of satisfying Axioms I and I1. For, as Professor Seitovsky
has shown,'® it is possible under the Kaldor principle that there exists
a set of individual orderings such that both z Py and y P z, a result
which is obviously incompatible with the existence of a true social order-
ing of alternative states.!®

As stated, Scitovsky’s argument is applicable even ii there are only
two admissible alternatives to rank. That is, there are other logically
conceivable alternatives, derived from one or the other of the two given
alternatives by a process of compensations, but, as above, a preliminary
value judgment as to distribution has removed them from consideration
and the only social ordering desired is between the two given alterna-
tives. In the ease of two alternatives, however, a simple modification
of the Kaldor principle immediately suggests itself for the purpose of
removing the contradiction. We may call it the Scitovsky compensation
principle; z R y if and only if there is an alternative z’ such that

U Of course, the reasoning underlying Condition 3 would be equally applicable to
alternatives which are not desired to be ranked; if the choice between any two alterna-
tives is to be independent of tastes for admissible alternatives, then certainly we
would wish that choice to be independent of tastes for alternatives which are not
even regarded ss admissible. We are simply waiving the issue here to get on with
other matters.

1 T, Seitovaky, “A Note on Welfare Propositions in Economies,” Review of Fco-
nomic Studies, Vol. 9, November, 1941, pp. 77-88.

15 That the result, both z Py and y P z, is incompatible with Axioms I and II can
be seen formally as follows: By Definition 1 and Axiom I, z Py implies not y B z,
while ¥ P z implies ¥ E =, s¢ that both cannot hold simultaneously.
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@) ¥ Cx
and
%) ¥ Qy.

We shall assume that, as will usually be the case, for any two alternatives
z and y, either there is a method of compensation under £ which will
make everyone as well off as under y or, if not, there wili be a method of
compensation under ¥ which will make everyone as well off as under z.
This amounts to saying, by (4) and (5), that

(6) for all z and y, either t Ry or y R2.¥
Since @ is a quasi-ordering, it follows from Definition 7{a) that,
(7) Jorallz, zQz.

From (7) and (1), it follows that (4) and (5) are satisfied if both z’ and
¥ are equal to z.

(8) Forall z, z R .

Now suppose that z R ¥ and ¥ R 2. Since there are only two alterna-
tives altogether, two of the three alternatives, z, ¥, and z, must be the
gsame. If z = y, then y R 2z implies z R 2; if y = ¢, then = R y implies
z R 2; if x = 2z, then z R z i3 equivalent to z R z, which is known to be
true by (8).

)] Forallz,y,ondz, s RyandyRzimply s R 2.

By (6) and (9), the relation R defined by the Scitovsky compensation
principle is a true weak ordering relation in the case where there are
only two admissible alternatives. The relation R is the double test pro-
posed by Scitovsky and accepted by Kaldor;  that is, apply the Kaldor

» prineiple in those cases where it does not lead to inconsistency; other-
wise, say the two alternatives are indifferent.

But the real force of Scitovsky’s argument is felt when the number
of admissible alternatives becomes more than two, e.g., when the choice
is not between free trade and some particular tariff, but the problem is
to rank a large number of different possible tariff schedules. ILet us

1 There exist individual orderings of socjal states based partly on jealousy of the
posseasions of others for which (6) will not be satisfied for some particular pair z and y.

1B T, Scitovsky, “A Reconsideration of the Theory of Tariffs,” Review of Economic
Studies, Vol. 9, Summer, 1941, pp. 9295, “If [the community indifference curves
through two given situations] intersect, . . . according to our convention we must
regard the two situations as equally good” (pp. 94-95). See anlso N, Kaldor, “A
Comment,” Review of Economic Studies, Vol. 14, No. 1, 194647, p. 49.
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consider the Scitovsky compensation principle in this case. If R is
really a weak ordering relation, then, by Lemma 1(d), the indifference
relation formed from it by Definition 2 is transitive. We shall show by
means of an example that Scitoveky indifference is not transitive, and
hence that the Secitoveky compensation principle is not a social welfare
function satisfying Condition 1. Note that, from (4) and (5), indifference
between alternatives z and y means that there is a way of redistributing
the goods under z 80 that everyone is at least as well off as under y
and also a way of redistributing the goods under y so that everyone
is at least as well off as under z. We will suppose that there are two
commodities, two individuals, and three alternative social states, each
state being described by giving the amnount, of each eommodity held by
each individual under that state. The description is given by the table
below. We will assuine that each individual orders different social states

Individual 1 Individual 2
Social State
Commodity 1 Commodity 2 Commodity 1 Commodity 2
z 2.0 1.0 2.0 1.0
y 1.7 1.3 1.8 1.1
z 1.0 2.0 1.0 2.0

by the commodity bundles he gets under each. Let a commodity bundle
be designated by (a, b), where a is the amount of the first commodity
in the bundle and b the amount of the second commodity. Suppose
that the indifference map of individual 1 is such that the bundles (2.1,
1.0), (1.0, 2.0), (2.4, .1, (1.7, 1.3), and (2.0, 1.0) are preferred in that
order and that the indifference curve through the bundle (1.0, 2.0) con-
tains no bundle in which the quantity of the second commodity is less
than .9. Similarly, suppose that the indifference map of individual 2
orders the bundles (1.4, 1.4), (1.0, 2.0}, (1.6, 1.3), (1.8, 1.1), and (2.0,
1.0) in that order and that the indifference curve through (1.0, 2.0)
has no point on it for which the second coordinate is less than 1.2. It
can easily be seen that there are indifference maps having the indicated
properties in which the indifference curves are continuous, convex, and
downward-sloping.

In state y, each individual is better off or not worse off than in state
z, 8o that it is trivial to say that there exists a redistribution of the
goods in state ¥ which will make everybody no worse off than in state z.
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On the other hand, there are a total of four units of commodity 1 and
two of commodity 2 in state z. Suppose we redistribute the quantities
in state z as follows: give 2.4 units of commodity 1 and .7 unit of com-
modity 2 to individual 1 and the remainder, 1.6 units of commodity 1
and 1.3 units of cormmodity 2, to individual 2. Then both individuals
are better off than in state y. Therefore, there is a redistribution of the
goods in state z which makes everybody at least as well off as in state y,
and hence, by the above definition of Scitovsky indifference, states z
and y are indifferent.

By looking at their preference scales, it is clear that both individuals
are better off in state z than in state ¥. On the other hand, there are
3.5 units of commodity 1 in state ¥ and 2.4 units of commodity 2.
Redistribute them as follows: {2.1, 1.0) to individual 1 and (1.4, 1.4) to
individual 2. Then both individuals are better off than in z. Therefore,
again states y and z are indifferent.

It will now be shown that states z and z are not indifferent. Tt is
again obvious that each individual prefers z to z. For individual 1 to
be at least as well off as in z, he must have at least .9 unit of the second
commodity, while individual 2 must have at least 1.2 units. In any
distribution of goods which will make both individuals at least as well
off as in state z, there must, then, be a total of at least 2.1 units of the
second commodity; but there are only 2 unitg of the second commodity
available in state z. Therefore, every possible redistribution in state z
leads to a situation in which at least one individual is worse off than
in z, 8o that = and z are not indifferent, and hence Scitovsky's indifference
is not transitive.

The comparison of states z and y illustrates ancther difficulty with
any form of the compensation prineiple which does not involve actual
payments. I is possible for every individual to be better off in one
state than another (here, state y as compared with atate z), and yet there
i a redistributicn of the goods in state x so that everybody is no worse
off than in the obviously superior state y. This suggests strongly that
unaccomplished redistributions are irrelevant.

It is to be noted that the arguments presented here against the com-
pensation prineiple in its various forms are independent of the conten-
tion that that principle involves an undue sanctification of the status quo.
The last argument amounts to objecting on ethical grounds to a certain
value judgment implicit in the principle, whereas the previous argu-
ments have been to the effect that the value judgments defining the
principle were inconsistent with the possibility of rational choice by the
community a8 a whole.



CHAPTER V

THE GENERAL POSSIBILITY THEOREM
FOR SOCIAL WELFARE FUNCTIONS

1. Tae NUMBER OF ALTERNATIVES

The discussion of particular social welfare functions in Chapter III,
Section 6, and Chapter IV suggests strongly that it will be very difficult
to construct s social welfare function consistent with Conditions 1-5.
The example of the Scitovsky compensation principle, ag given in Chap-
ter IV, Section 2, indicates that there is likely to be a difference between
the case where the total number of alternatives to be ranked is two and
the case where the number exceeds two. Indeed, if there are two alter-
natives, it is possible to construct such & social welfare function. Con-
dition 1 must, of course, be altered for this case. We demand now that
every set of individual orderings of the two alternatives in question give
rise to a social ordering satisfying Axioms I and II.

DerFINITION 9: By the method of majority decision <8 meant the social
welfare function in whick z Ry holds if and only if the number of indi-
viduals such thal = B;y 15 at least as greal as the number of individuals
such thal y R; z.

It ig not hard to see that the method of majority decision satisfies
Conditions 1-5 when there are only two alternatives. To show that it
satisfies Condition 1 we must show that R, as defined, is a weak order-
ing, i.e., is connected and transitive. For convenience, let N (z, y) be
the number of individuals such that z E;y. Then

(¢} 2Ry if and only if N(z, y) > N{y, z).
Clearly, always either N(z, y) = N(y, z) or N(y, z) = N(z, ), so that,
(2) fJorallzandy,zRyory Rz,

by (1), and R is connected. To show transitivity, suppose z R y and

y B 2. Since there are only two alternatives, two of z, ¢, and # are equal.

As already shown in the case of the Scitovsky compensation principle,

the conclusion z B 2 is trivial if x = y or y = 2. To show =z Rz in the

case T = z is equivalent to showing = B z. But, by (1), z B z is equiv-
48
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alent to the proposition N(z, z) > N(z, ), and is certainly true. Hence,
trangitivity holds. In conjunction with (2), this proves that R is a weak
ordering, so that

(3) the method of majority decision salisfies Condition 1.

Now consider Condition 2. Let Ry, «++, E, be such that z P y, ie,,
z B y and not ¥y Rz. By (1), this means N(z,y) > N(y, z) but not
N({y,z) = N(z,y), ie,

4) NG, p) > Ny, 2).

Let Ry, --+, R, be & new set of individual orderings satisfying the
hypothesis of Condition 2, i.e., for 2’ # z, ¥ > z, 2 R/ y' if and only
if 2’ R;y'; z Ry’ implies z R, y/; and z P;y' implies z P;/ 3. Con-
sider, in particular, the last two conditions with ' = ¢.

6)) z R;y implies z R/ y;

(6) z P; y implies z P{ y.

Suppose, for some 4, y B . By Definition 1, not = P{ y, and therefore,
by (6), not z P;y. Hence, by Lemma 1(e), y B;z. That is,

6] y R x implies y R; x.

Let N'(z, y) be thé number of individuals for whom z B/ y; similarly,
N'(y, ) is the number of individuals for whom y B/ z. By (5), every
individual for whom z R; y has the property z R/ y; hence, N'(z, ) >
N(z,y). Similarly, from (7), N(y,z) > N'(y,z). From (4), N'(z, y)
> N'(y, =) or N'(z, y) 2 N'(y, ) and not N'(y, z} > N'(z,y). By (1),
this means that = R’y but not y R’ z, where R’ is the social ordering
corresponding to the set of individual orderings Ry’ ---, R, or z P’ g,
by Definition 1. Therefore, Condition 2 is satisfied.

Condition 3 (independence of irrelevant alternatives) is trivial in this
case because the only set S that contains more than one member con-
tains the entire universe, which consists of two members. If § contains
one element, C(S) is that one element independent of tastes about
alternatives not in §; if S contains two elements, C(8) is certainly deter-
mined by individual orderings for elements in 8 since there are no others.

Ag for Condition 4 for any z and y, suppose that individual orderings
were such that y P; z for all . Then, for everybody, y R; z, while, for
nobody, = R;y. Hence, N(y, z) > N(z, y) but not N{z, y) > N(y, z),
80, by (1), y P z, and therefore not = R y, by Definition 1. Hence, we
do not have z B y independent of the individual orderings R;, - - -, Bp.

Finally, as for Condition 5 (nondictatorship), suppose that there were
an individual 7 satisfying the conditions of Definition 6. Call him 1.
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Suppose z P; y, while y P;z for all ¢ 3¢ 1. Then, z Ry y, not =z R; y for
¢ ¥ 1, by Definition 1, so that N(z, y) = 1. Also, y B;z for £ # 1,
so that N(y,z) > 1 = N(z,y). By (1), y R z, and therefore, by Defini-
tion 1, not z P y. By Definition 6, however, z Py y impliesz P y. Hence
there cannot be any dictator, so that Condition 5 is satisfied.

Taeorem 1 (Possibility Theorem for Two Alternatives): If the total
number of alternatives is fwo, the method of majorily decision is a social
welfare function which satisfies Conditions £-6 and yields a social ordering
of the two allernalives for every set of individual orderings.

Theorem 1 is, in a sense, the logical foundation of the Anglo-American
two-party system.

For later reference, observe that the proof given above that the method
of majority decision satisfies Conditions 2, 4, and 5 was independent of
the assumption that there were only two alternatives. It is also true
that the method of majority decision satisfies Condition 3 regardless
of the total! number of alternatives. From Definition 9, it is obvious
that the truth or falsity of the statement z R ¥ is invariant under any
change of individual orderings which leaves invariant, for each indi-
vidual, the relative positions of z and y. By Definition 3, '(S) is com-
pletely determined by knowing the truth or falsity of the statement
z Ry for every pair z, ¥ of elements of §; hence, C(S) is certainly in-
variant under any change of the individual orderings which leaves the
orderings within 8 invariant.

Lemma 3: For any space of alternatives, the method of majority decision
18 a social welfare function salisfying Conditions 2-5.

The example of the paradox of voting given in Chapter I, Bection 1,
shows that the method of majority decision does not satisfy Condition 1
when there are more than two alternatives. We are now prepared to
examine the construction of social welfare functions in this last case.

We shall hereafter assume that Condition 1 holds in its original form.

2. Two INpIviDUALS AND THREE ALTERNATIVES

To illustrate the methods of analysis and serve as an introduction to
the more general case, we shall consider first the formation of a social
welfare function for two individuals expressing their preferences for three
alternatives. Some consequences will be drawn from Conditions 1-5.
It will be shown that the supposition that there is a social welfare func-
tion satisfying those conditions leads to a contradiction.



SEC. 2] TWO INDIVIDUALS AND THREE ALTERNATIVES 49

Let z, 4, z be the three alternatives among which choice is to be made,
e.g., three poasible distributions of commodities. Let z’ and %’ be vari-
able symbols which represent possible alternatives, i.e., which range
over the values z, 3, 2. ILet the individuals be designated as 1 and 2,
and let B; and Ry be the orderings by 1 and 2, respectively, of the alterna-
tives z, ¢, 2. let Py and P; be the corresponding preference relations;
e.g., ¥ Py means that individual 1 strictly prefers z’ to y'. It is
assumed that there is no a priori reason to suppose that the individuals
will not order the alternatives in any given way. For example, if it is
supposed that each individual values each distribution of commodities
in accordance with his preference for his personal share alone (indi-
vidualistic behavior), if there is more than one commodity, and if no
alternative gives any individual more of all commodities than any other
alternsative, then, by suitable variation of tastes, each individual may
order the alternatives in any logically possible manner (see Chapter VI,
Section 4, for an example).

ConsEqQuENCE 1: If 2’ Py and 2’ Py 3/, then 2’ Py,

That is, if both prefer z’ to 3, then society must prefer 2’ to ¢’

Proor: By Condition 4, there are orderings By’ and Ry’ for individuals
1 and 2, regpectively, such that, in the ¢corresponding social preference,
' P'y’. Form R,” from R’ by raising z’, if need be, to the top while
leaving the relative positions of the other two alternatives alone; form
R;"” from Ry’ in the same way. Bince all we have done is raise alterna-
tive z’ in everyone’s esteem while leaving the others alone, =’ should
still be preferred to ¥’ by society in accordance with Condition 2, so
that ' P’ /. But, by construction, both individuals prefer =’ to 3’ in
the orderings R,”, R/, and society prefers 2’ to . Since, by Condi-
tion 3, the social choice between 2’ and %’ depends only on the individual
orderings of those two alternatives, it follows that whenever both indi-
viduals prefer ' to 3’, regardless of the rank of the third alternative,
society will prefer ' to %/, which is the statement to be proved.

ConseqUENCE 2: Suppose thal for some x' and y', whenever z' Py
and y Pez', x P'y. Then, whenever ' Pyy', 2’ Py'.

That is, if in a given choice the will of individual 1 prevails againat
the opposition of 2, then individual 1's views will certainly prevail if 2
is indifferent or if he agrees with 1.

Proor: Let R; be an ordering in which =’ P; 3/, and let RB; be any
ordering. Let By’ be the same ordering as K;, while By’ is derived from
Ry by depressing ' to the bottom while leaving the relative positions
of the other two alternatives unchanged. By construction, z' Py’ ¥/,
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¥’ Py’ ’. By hypothesis, ' P’ i, where P’ is the social preference rela-
tion derived from the individual orderings R,’, Ry’. Now the only
difference between Ry, Ry’ and R,, R; is that z’ is raised in the scale of
individual 2 in the latter as compared with the former. Hence, by
Condition 2 (interchanging the B/s and the B;”’s), it follows from =’ P’ 3/
thatz’ Py’. Thatis, whenever R;, R, are such thatz' Py 3, thenz’ P y'.

CoNsEQUENCE 3: If o/ Py ' and ¢ Py a/, then 2’ I ¢f'.

That is, if the two individuals have exactly opposing interests in the
choice between two given alternatives, then society will be indifferent
between the alternatives.

Proovw: Buppose the consequence false. Then, for some orderings E;
and R; and for some pair of alternatives z’ and ', we would have 2’ Py ¥/,
y' Py 2’, but not ' I'y’. In that case, either 2’ Py’ or ¥y P2’. We
will suppose " P %' and show that this supposition leads to a contra-
diction; the same reasoning would show that the assumption ¢’ P z" also
leads to a contradiction,

Without loss of generality, it can be assumed that z’ is the alternative
z, ¥ =y. Then we have, for the particular orderings in question,
zPyy, yPyz, and z Py. Since the social choice between 2 and y
depends, by Condition 3, only on the individual choices as between
x and y, we must have

(1 whenever £ Py yand y Py x, x P y.

It will be shown that (1) leads to a contradiction.

Suppose that individual 1 prefers 2 to y and y to 2, while individual 2
prefers y to z and z to z. Individual 2 then prefers ¥ to z. By (1},
society prefers x to y. Also, both prefer y to z; by Consequence 1,
society prefers ¢ to 2. Since society prefers z to y and y to 2, it must
prefer z to 2. Therefore we have exhibited orderings R;, Ry such that
2Py z 2zPyz, but z Pz BSince the social choice between z and z de-
pends only on the individual preferences for x and 2,

) whenever t Pz and z Pa x, z P 2,

Now suppose that Ry is the ordering y, z, 2, and R, is the ordering
2, y, . By Consequence 1, ¥ P z; by (2), z P 2, so that y P z. By the
same reasoning as before,

3) . whenever y Pyzand z Py y, y P 2.

If R, is the ordering y, 2, z, and R, is the ordering z, z, y, it follows
from Consequence 1 and (3) that z P z and y P 2, so that y Pz. Hence,

(4) whenever y Pyx and z Py y, y P z.
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I R, is the ordering z, ¥, z, and R; is the ordering z, 2, y, then, from
Consequence 1 and (4), 2z Py and y P 2, so that 2 P .

5) Whenever 2 Pyz and z Py 2, 2 P z.

If R, is the ordering z, z, y, and Ry is the ordering z, y, z, then, using
(6),zPzand 2 Py, so that z P y.

{6) Whenever z Py y and y Paz, 2 Py.

From (1) it follows from Consequence 2 that, whenever 2 P, y, z P y.
Similarly, from (1)-(8), it follows that for any pair of alternatives z’, y',
whenever ' P; %, then ' Py’. That is, by Definition 6, individual 1
would be a dictator. This ig prohibited by Condition 5, so that (1)
must be false. Therefore Consequence 3 is proved.

Now suppose that individual 1 has the ordering z, y, 2, while indi-
vidual 2 has the ordering z, z, . By Consequence 1,

() zPy.
Sinee y P; z, z Py ¥, it follows from Consequence 3 that
(8) ylez

From (7) and (8), z Pz. But also z Pz, z P z, which implies # I z by
Consequence 3. It cannot be that z is both preferred and indifferent
to z. Hence the assumnption that there is a social welfare function com-
patible with Conditions 1-5 has led to a contradiction.

3. ProoP oF THE GENERAL PosserniTy THEOREM

In the following proof we assume a given social welfare funetion satis-
fying Conditions 1-5 and show that the assumption leads to a contradic-
tion. Without loss of generality we may suppose that the entire universe
is the set of three alternatives mentioned in the statement of Condition 1.
In this set, all sets of individual orderings are admissible, so that we
need not discuss n each case whether or not a given set is admigsible.
That is, the orderings which appear in the argument will be orderings
only of the three alternatives in question. I we wish to be formally
correct and consider the ordering of all alternatives, we ean replace
each set of orderings of the three given alternatives by a corresponding
admissible set of individual orderings which orders the three given
alternatives in the same way.

In what follows, ¥ will stand for a set of individuals. In particular,
V' will be a set containing a single individual and V" will be the set
of gll individuals.
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Derintrion 10: The sef V s said to be decisive for x against y if £ #= 3
and x Py for all sets of admissible individual ordering relations such that
rP;yforalliin'V.

This definition may be explained as follows: Let B stand for the set
of individual ordering relations E;, ---, Rn. The condition z P;y for
all 7 in V restricts the B’s under consideration by restricting the range
of variation of those components of B whose subscripts are in V to
ordering relations having the given property with respect to z and .
To each K, a given social welfare function assigns a social ordering R;
according to this scale we may have, in general, z PyorzIyory Pz,
Suppose that it so happens that, for all B consistent with the condition
that = P;y for all  in V, the resultant R is such that = P y; then we
can say that V is decisive for z against y. Intuitively, the concept of
decisive set can be explained as follows: A set of individuals ig decisive
if, whenever they all prefer z to y, soctety prefers x to y regardless of
what preferences any individuals may have concerning any alternatives
other than z or y. Note that a set may be decisive for z against y
without being decisive for y against z. For example, in the process of
ratification of treaties by the Senate, any set of 64 senators is decisive
for acceptance against rejection, any set of 33 senators is decisive for
rejection against acceptance.

It should be emphasized that the question of whether or not a given
set of individuals is decisive with respect to a given pair of alternatives,
z and y, ig determined by the social welfare function and does not vary
with the actual orderings of individuals at any given time.

CoNseQUENCE 1: Let Ry, -, Bn and By, -- -, R, be fwo sets of indi-
vidual orderings such thet for a given distinct x and y, z P{ y for all ¢ for
which z R;y. Then, if x Py, x P'y, where P and P’ are the social pref-
erence velations corresponding to R, - -+, R, and By, - -+, Ry, respecitvely.

This consequence extends Condition 2. If z rises or does not fall
relative to ¥ for each individual and actually rises if = and ¥ were in-
different, and if x was socially preferred to y to begin with, then z is
still preferred to y, regardless of changes in preferences for alternatives
other than y.

Proor: In accordance with the preceding remarks, we agssume there
are only three alternatives altogether. Let z be the alternative which is
distinct from z and y. For each 4, define the ordering R;”, as follows:

(1 2Ry if and only if either 2’ R;y/ and 2’ =z or ' = 2,
This amounts to moving z from its position in R, to the bottom but
otherwise leaving R; unchanged. It is eagy to verify that B’ is an
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ordering, i.e., satisfies Axioms I and II. Also, for each 7, B;” orders
the elements z, y in the same way as R;; ie.,

2) 2’ Ry if and only if 2’ B;y’ for 2', o' in [z, ).
From (2) and Condition 3, C([z, y)) = C"'([z, ¥]), where C(S) and C"'(S)
are the gocial choices made from an environment S when By, - - -, R, and

Ry, -+, Rn" are the sets of individual orderings, respectively. By
hypothesis, z P y; from Lemma 2, C'([x, y]) contains the single element z.
Hence, C"([z, ¢]) contains the single element. z, or, by Lemma 2,

(3) zP"y.
Define the individual orderings R;¥, -- -, R,* as follows:
(4) ' R*y if and only if either &' B ¢y and 2’ < zory’ = 2.

(4) is exactly parallel to (1). From (1), (4), and Definition 1, y P, 2,
y Pi*z, for all i, Hence,

(5) iz #a,y #a,2 Ry if and only if ' R;*y'.

Also, z Py g,z P;* zfor all . By (1), for all  such that x B, y, = R; v;
by hypothesis, z P¢ y for such 7, and therefore, by (4), x P;*y. Hence,

(6) Jorally', z R/ y impliesz R*y';
P! Jorally', z P o implies z P;* ¢,

By (5)-(7) and (3), the hypotheses of Condition 2 are satigfied; hence,
x P*y. From (4), it follows, in the same manner as above, that
C*([z, y]) = C'([z, ¥]), so that x P’ . Q.E.D.

This proof is really simple in principle. The purpose in introducing
the auxiliary ordering relations R,;" and R;* was to permit a comparison
between the two sets which would satisfy the hypotheses of Condition 2.
At the same time, as far as the choice between alternatives z and y is
concerned, the relations Ry’ are essentially equivalent to the relations
R; and the relations E;* are equivalent to the relations R;; this is shown
by the latter part of the proof.

CoONBEQUENCE 2; If there is some sel of individual ordering relalions
Ry, -, Rosuchthat z Pyyforaliin Vand y P;z for all i not on V,
Jor aome particular = and y, and such that the corresponding social pref-
erence relation yields the oulcome = Py, then V is decisive for x against y.

Proor: Let Ry, +++, B be any set of individual orderings subject
only to the condition that

® zP/yforalliinV,
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To show that V is decisive, it is necessary according to Definition 10
to show that, for every such set By, - - -, K»’, the corresponding social
ordering R’ is such that z P’ y. But {rom (8) and the hypothesis that
z P;yforiin V, y P;x for 7 not in V, it follows that =z P,/ y whenever
z R;y. By Consequence 1,z P'y. QE.D. The meaning of this conse-
quence may be formulated somewhat as follows: Imagine an chserver
seeing individuals write down their individual orderings and hand them
to the central authorities who then form a social ordering based on the
individual orderings in accordance with the social welfare function. Sup-
pose further that this observer notices that, for a specific pair of alterna-
tives z and y, every individual in a certain set V of individuals prefers
z to y, while everybody not in V prefers y to z, and that the resultant
social ordering ranks z higher than y. Then, the observer is entitled
to say, without looking at any other aspects of the individual and social
orderings, that V is a decisive set for z against y, ie., that, if tastes
change, but in such a way that all the individuals in V still prefer z to y
{though they might have changed their ranking for zll other alternatives
and though the individuals not in ¥ might have changed their scale
completely), then the social ordering will still rank z higher than .

CoNSEQUENCE 3: For every x and y such that z # y, V" iz a decisive
set for x against y.

That is, if every individual prefers z to y, then society prefers = to .
Proor: If we interchange x and y in Definition 5, then Condition 4
says that there exists a set of individual orderings Ry, ---, B, such that
not ¥ R z, where R i8 the social ordering corresponding to the get of
individual ordering relations By, : - -, R,. That is to say, by Lemma 1(e),

)] zPy.
Let By, - -+, Rs’ be any set of individual orderings such that
(10) z P/ y for all i.

From (10), certainly z Py y for all ¢ such that z R;y. Then, from
(9) and Congequence 1, z P’ y. Since this holds for any set of orderings
satisfying (10), it follows from the definition of V* that z P’ i for any
set of orderings such that z P/ y for 7 in V", y P{ z for ¢ not in V*
(i.e., for no ). By Consequence 2, V" is decisive for z agsinst y.

ConseQuENCE 4: If V' is decisive for either z against y or y against 2,
V' 13 decisive for x against 2, where x, y, and z are dishinel aliernatives.

Recall that V' is a set consisting of a single individual. The conse-
quence asgerts that, if a single individual is decisive for a given alterna-



SEC. 3] PROOF OF THE GENERAL POSSIBILITY THEOREM 55

tive x against any other alternative, he is decisive for z against any
alternative, and that, if he is decisive for any alternative against a given
alternative z, he is decisive for any alternative against z. This is the
firat consequence in which some paradoxes begin to appear.

Proor: (a) Assume that V'’ is decisive for = against . We seck to
prove that V"’ is decieive for z against any z > z. :

Let the individual in V' be given the number 1. Let By, ---, R, be
a et of individual ordering relations satisfying the conditions

(11) z Py,

(12) y P;z for all 4,

(13) zPiz fori 7 1.

From (11), = P; y for all £ in V’; therefore, by Definition 10,
(14) z Py,

where P is the social preference relation eorresponding to the set of
individual orderings Ey, -+, R,. From (12), y P;z for all £ in V", s0
that, from Consequence 3 and the definition of a decisive set,

(15) y Pa

By Condition 1, the social ordering relation satisfies Axioms I and It
and hence Lemma 1{c). Therefore, from (14) and (15),

(16) z Pz
But, from (11) and (12), Py y and y P, 2, so that z P, z, or
(1N zP;zforalliin V',

(13) may be written
(18) z Piz for all i not in V',

By (16)—(18), the hypotheses of Consequence 2 are satisfied, so that V’
must be decisive for = against 2. That is, there 8 one set of individual
ordering relations in which all the individuals in ¥V’ (in this case, one
individual) prefer z to z while all other individuals prefer z to x, and the
gocial welfare function is such as to yield a social preference for x as
against z. This suffices, by Consequence 2, to establish that V’ is deci-
sive for = againast 2.

(b) Now assume that V' is decisive for y against z. Let the individual
in V' have the number 1, and let By, ---, E; be & set of individual
ordering relations such that
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(19) z P,y for all 3,
(20) Y Pz,
@1) 2P fori 5 1.

Then, as in part (a) of the proof, (19) implies that z P y, while (20)
implies that ¥ P z, so that z P z. But, from (19) and (20), = P, 2, which,
in conjunction with (21), shows that the hypotheses of Consequence 2
are satisfied, and therefore V” is decisive for z against z again.

CONSEQUENCE 5: For every pair of allernatives z, y and every one-
member set of individuals V', it i8 not true that V' is decisive for x against y.

This consequence states that no individual ecan be a dictator for even
one pair of alternatives, i.e., there is no individual such that, with the
given social welfare function, the community automatically prefers a
certain z to a certain y whenever the individual in question does so.

Proor: SBuppose the consequence false. Let the one member of V'
be designated by 1.

Let ' be any alternative distinet from z and y. Then, from the
hypothesis and Consequence 4, ¥’ is decisive for z against 3. Since this
statement is still true for ' = y, we may say

(22) V' is decisive for = against any y' = z.

For a fixed ' # 7, let 2’ be an alternative distinct from z and y’. This
choice is possible by Condition 1 (there are three alternatives). Then,
from (22) and Consequence 4, V' is decisive for z’ against 3’. By (22),
this statement still holds if ' = z.

(23) V" ds decisive for 2’ against ', provided z' # y', y' # z.

Choose any z’ # z, and a particulsr ¥’ distinet from both z and z’.
This choice is possible by Condition 1. Then (23) holds; since z/, 3, z
are distinet, it follows from Consequence 4, if we substitute z’ for z, "’
for y, and z for 2, that

(24) V'’ is decisive for =’ against z, provided =’ # z.
{23) and (24) together can be written
(25) V' is deciwive for any &’ against any y', provided =’ = 3.

But, by Definition 10, (25) says that, for all ' and ' (distinct),
z' Py’ whenever ' P; 3. By Definition 6, this means that the social
welfare function is dictatorial, which, however, is excluded by Condi-
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tion 5. Hence, the supposition that the consequence is false leads to
a contradiction with one of the conditions. Q.E.D.

It will now be shown that Conditions 1-5 lead to a contradiction,
Use will be made of the preceding five consequences of the conditions.
Let S be the set composed of three distinct alternatives which oceurs
in the statement of Condition ¥. For each possible ordered pair z/, 3’
such that z' and " both belong to § and z’ > g’ (there are six such
ordered pairs), there is at least one set of individuals which is decisive
for 2’ against ' by Consequence 3. Consider all sets of individuals
who are decisive for some z’ in S against some ¥’, distinct from z’, in S.
Among these sets, choose the one with the fewest number of individuals;
if this condition does not uniquely specify the set, choose any of those
decisive sets which does not have more members in it than some other
decisive set. For example, if, among all the sets which are decisive
for some z' in S against some (distinct) 3’ in S, there is one with two
members and all the others have more than two members, choose that
cne; on the other hand, if there are two sets decisive for gome z' in §
against some ' in S which have three members each while all the other
decigive sets have more than three members, choose any one of the three-
member sets. Designate the chosen set by V. It is decisive for some
alternative in S against some other one in S; by suitable labeling, we
may say that V) is decisive for x against . 8 contains just one alterna-
tive other than z and y; call that alternative 2. Let the number of
members of V; be k; designate the members of ¥; by the numbers
1, - -+, k, and number the remaining individuals ¥ + 1, ---, n. Let ¥*
contain the single individual 1, V4 the individuals 2, ---, &, and V3
individuals &+ 1, ---, n. Note that V3 may contain no members.
From the construction of ¥, we may conclude that

(26) V1 is decistve for x against y,

(27) any set which is decisive for some alternative in S against some other
alternative in S contains at least & members.

By construction, V, containg & — 1 members. Hence, from (27),

(28) Vg {s not decisive for any alternative in S against any other allernative
in S.

Consequence 5 is equivalent to stating that, if ¥V’ contains exactly
one member, then

(20) V' s not decisive for any aliernative against any other alternative.
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Let Ry, + -+, Ry be a set of individual ordering relations such that,

(30) JoriinV,zPiyand y P; 2,
(31) Joriin Vo, 2 Pyxand z Py y,
(32) Joriin Vy, y Pizand z P, z.

From (30), (31), and the definitions of V1, Vg, and V’, 2 P; ¢ for all
iin V1. From (26),

(33) zPy,

where P is the social preference relation eorresponding to Ry, -+, Ry
From (31), and the fact that R; is a weak ordering relation and hence
transitive,

(34) zP;yforalliin V.
From (30) and (32),
(35) y P;z for all e not in V.

Suppose z P y. Then from (34), (35), and Consequence 2, it would
follow that V3 was decisive for y against 2z; but thig contradicts (28).
Hence, we must say, not z Py, or

(36) ¥Rz,

where R is the social ordering relation corresponding to Ry, +-+, Ry,
the relation from which the preference relation P was derived. By
Condition 1, the relation B i3 a weak ordering relation, having all the
usual properties assigned to preference scaleg, including that of transi-
tivity. Hence, from (33) and (36),

(37) z Pz

From (30), it follows from the transitivity of E; that
{38) zP,zforiin V7,

while, from (31) and (32},

(39) z P;x for i not in V',

From (37)—(39) and Consequence 2, it follows that V’ is decigive for =
against 2. But this contradicts (29). Thus, we have shown that Condi-
tions 1-5 taken together lead to a contradiction. Put another way, if
we agsume that our social welfare function satisfies Conditions 2 and 3
and further suppose that Condition 1 holds, i.e., that there are at least
three alternatives which the individuals may order in any way and still
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get a social ordering, then either Condition 4 or Condition 5 must be
violated. Condition 4 states that the social welfare function is not
imposed; Condition 5 states that it is not dictatorial.

TueorEM 2 (General Possibility Theorem): If there are af least three
alternatives which the members of the society are free to order in any woy,
then every social welfare function sotisfying Conditions 2 and 3 and yielding
a social ordering salisfying Azioms I and II must be either imposed or
dictatorial t

Theorem 2 shows that, if no prior assumptions are made about the
nature of individual orderings, there is no method of voting which will
remove the paradox of voting discussed in Chapter I, Section 1, neither
plurality voting nor any scheme of proportional representation, no
matter how complicated. Bimilarly, the market mechanism does not
create a rational social choice,

4. INTERPRETATION OF THE (GENERAL PossiBiLiTy THEOREM

The interpretation of Theorem 2 is given by examination of the mean-
ing of Conditions 1-5. In particular, it is required that the social order-
ing be formed from individual orderings and that the social decision
between two alternatives be independent of the desires of individuals
involving any alternatives other than the given two (Conditions 1 and 3).
These conditions taken together serve to exclude interpersonal com-
parigon of social utility either by some form of direct messurement, or
by comparison with other alternative social states; the arguments in
favor of this position have been given in Chapter IT, Section 1. There-
fore, Theorem 2 can be restated as follows:

If we excluds the possibility of interpersonal comparisons of utility, then
the only methods of passing from individuel tastes to social preferences
which will be salisfaciory and which will be defined for o wide range of sets
of individual orderings are either imposed or dictatorial.

The word “satisfactory’ in the above statement means that the social
welfare function does not reflect individuals’ desires negatively (Condi-
tion 2) and that the resultant social tastes shall be represented by an
ordering having the usual properties of rationality ascribed to individual
orderings (Condition 1 and Axioms [ and IT).

! The negative outcome expressed in this theorem is strongly reminiscent of the
intransitivity of the concept of domination in the theory of multi~person games.
(Bee von Neumann and Morgenstern, op. ¢it.,, pp. 38-30.)
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In view of the interpretations placed on the conditions for a social
welfare function in Chapter 111, we can aleo phrase the result this way:
If consumers’ values can be represented by a wide range of individual
orderings, the doctrine of voters’ sovereignty is incompatible with that
of eollective rationality.

If we wish to make social welfare judgments which depend on the
values of all individuals, i.e., which are not imposed or dictatorial, then
we must relax some of the conditions imposed. It will eontinue to be
maintained that there is no meaningful interpersonal comparison of
utilities and that the conditions wrapped up in the word “satisfactory”’
are to be accepted.? The only condition that remains to be eliminated
is the one stating that the method of forming a social ordering should
work properly for a wide range of sets of individual orderings. That is,
it will now be supposed that it is known in advance that the individual
orderings Ry, « -+, B, for social actions satisfy certain conditions more
restrictive than those permitted in Condition 1, and it is required to
find a social welfare function which will be satisfactory for all sets of
individual values compatible with those restrictions but not necessarily
satisfactory or even defined for other types of individual values. The
remaining parts of this essay will be devoted to an examination of the
possibilities in this direction.

# The only part of the last-named conditions that seems to me to be at all in dispute
is the assumption of rationality. The consequences of dropping this assumption

are 80 radical that it seems worth while to explore the consequences of maintaining
it. See Chapter LI, Bection 4.



CoartER VI
THE INDIVIDUALISTIC ASSUMPTIONS

1. STATEMENT OF THE ASSUMPTIONS

One important possibility is to impose on the individual preference
scales two conditions which in fact have almost invariably been assumed
in works on welfare economics: (1) each individual’s comparison of two
alternative gocial states depends only on the commodities that he receives
(and labor that he expends) in the two states, i.e., he is indifferent as
between any two social states in which his own consumption-leisure-
saving situations are the same or at least indifferent to him;! (2) in com-
paring two personal situations in one of which he receives at least as
much of each commodity (including leisure and saving as commodities)
and more of at least one comrmodity than in the other, the individual will
prefer the first sitzation. However, it can be shown that, in a world
of more than one commodity, these restrictions do not suffiee to remove
the paradox.

The situation we wish to formalize is one in which some but not all
of the choices made by an individual are known in advance. Of some
pairs z, y it is known that x is preferred to y; of some it is known that
z is indifferent to . This can be reworded by saying that, for some
pairs of alternatives, = is known to be preferred or indifferent to y; the
case where z is known to be indifferent to y is covered by saying that x
is kmown to be preferred or indifferent to %, and ¥ is known to be preferred
or indifferent to z. We assume further that, if £ is known to be preferred
or indifferent ta y but z is not known to be indifferent to y, then z is
known to be preferred to y; this is in fact what is found for the true
orderings, knowledge for which is given by the individualistic assump-
tions. The relation of “known preference or indifference” is clearly
transitive, bui it is not connected since, for example, it does not teil
us how the individual compares two soclsl alternatives, one of which
yields him more of one commodity than the second, while the second
yields him more of a second commodity than the first. On the other
hand, we may say certainly that any alternative is known to be preferred

! See, e.g., Samuelson, op. cit., pp. 222-224; Bergson, “A Reformulation . . . ,”

op. cil., pp. 318-320; Lange, “Foundations of Welfare Economics,” op. cit., p. 216.
61
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or indifferent to itself. Comparison with Definition 7 shows that the
relation of “known preference or indifference,” as given by the indi-
vidualistic assumptions, is & quasi-ordering. Furthermore, if, for any
individual, R; is his ordering and @; is the quasi-ordering expressing
that knowledge about R; yielded by the individualistic assumptions,
then the remarks above, in conjunction with Definition 8, show that E;
must be compatible with @,.

Also note that the quasi-ordering of the social alternatives implied in
the individualistic assumptions is different for different individuals,
since each individual ranks the alternatives involved according to what
he gets out of them, and an alternative which yields more than a second
alternative yields of each commodity to one individual may yield less
of each commodity than the second alternative to a second individual.

Formally, we may say that there are n quasi-orderings @y, -« -, Qn,
and it is known in advance that the individual ordering relations
Ry, +++, Ry are compatible with the quasi-orderings @, - - -, Qa, respec-
tively. If this knowledge is available before we construct our social
welfare function, we might feel it superfluous to require that our social
welfare function be so defined as to yield a social ordering for a set of
individual orderings R, - - -, R,, where, for some %, R; is not compaitible
with Q. Hence, Condition 1 can be replaced by the following condition:

Conprrion 1': The admissible sets of individual ordering relations
Ry, - -+, Ry are precisely those for which R, is compalible with Q; for each <.

2. Tur PossmiLrry THEOREM UNDER INDIVIDUALISTIC ASSUMPTIONS

Clearly, from Theorem 2, Condition 1’ will be inconsistent with Condi-
tions 2-5 if the admissible sets of individual orderings are not restricted
more sharply by Condition 1’ than by Condition 1. Let S be a set of
three alternatives about the ordering in which none of the known quasi-
orderings tells us anything; i.e., suppose that, for each individual i and
for each pair z, y of distinct alternatives in S, not z Q;y. Under the
individualistic hypotheses discussed above, an example of such & set
would be a set of three alternative distributions of fixed stocks of com-
modities such that, for each pair of distributions, one gives to any given
individual more of one commodity while the second distribution gives
more of another commodity.

It ig, I think, intuitively clear that restricting the individual orderings
to be compatible with the quasi-orderings @ is no restriction at all as
far as the set S is concerned. Let T, - -, T\ be any set whatever of n
orderings of the set 8. For each 4, there exists an individual ordering
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R; which is compatible with ; and which coincides with T'; on the set
S; a rigorous proof of thix statement is contained in Lemma 4, proved
in the following section. The set of individual orderings Ry, - -+, R,
is admissible by Condition 1’. But then Condition 1 i satisfied, so
Theorem 2 applies, end Conditions 2-5 cannot all be satisfied.

THEOREM 3: If @1, -+, Q. are a set of quasi-orderings for which there
exisls a sef S conlaining ot least three alternatives such that, for all i and
all z and y in S where x 3¢ y, not x Q; y, then every social welfare func-
lion satisfying Condition 1’ and Conditions 2 and 3 is either imposed or
diclalorial,

CororLrary (Possibility Theorem for Individualistic Assumptions):
If there is more than one commodity and f every set of individual orderings
each of which salisfies the individualistic assumpitons 1s admiseble, then
every social welfare funciion satisfying Conditions 2 and 3 {3 either imposed
or dictatorial.

Although the motivation for developing Theorem 3 was the analysig
_ of the individualistic case, the conclusion is applicable to any attempt
to regtrict the range of individual orderings by requiring them to be
consistent with any preassigned partial orderings. Thus, if we had
modified the previous individualistic ordering by saying that, between
two alternatives which yielded the same commeodity bundle to a given
individual, the individual was not indifferent but chose on the basis of
some measure of income equality, while, however, he still preferred
any alternative which gave him at least as much of all commodities
and more of at least one, the above negative conclusions as to the possi-
bility of a social welfare function would still be applicable, since we could
still form the set S which would satisfy the hypotheses of Theorem 3.

The corollary casts light on the usefulness of the analysis of maximal
states, as discussed in Chapter IV, Section 1, if we make the agsumption
that individual desires for social slternatives are formed in the indi-
vidualistic way discussed in this chapter. If the only restrictions that
we wish to impose on individual tastes are those implied by the indi-
vidualistic assumptions, then no gatisfactory social welfare function is
posgible. Since, as we have seen, the only purpose of the determination
of the maximal states i8 as a preliminary to the study of social welfare
functions, the customary study of maximal states under individualistic
assumptions is pointless. There is, however, a qualification which
should be added. It is conceivable that, if further restrictions are added
to the individualistic ones, a social welfare function will be possible;
indeed, an example will be given in Chapter VII, Section 2. Any state
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which is maximal under the combination of individualistic and other
restrictions will certainly be maximal if only individualistic restrictions
are imposed on the individual orderings. Hence, if the proper handling
of the asocial welfare problem is deemed to be the imposition of further
restrictions in addition to the individualistic ones, then the social maxi-
mum ir any given situation will be one of the maximal elements under
the combined restrictions and hence one of the maximal elerments under
individualistic conditions. It is therefore not excluded that the current
new welfare economics will be of some use in restricting the range in
which we must look for the social maximum.

3. QUASI-ORDERINGS AND COMPATIBLE WEARK ORDERINGS

A lemma with regard to quasi-orderings and weak orderings com-
patible with them will be proved in this section (see Definitions 7 and 8).
The following theorem is equivalent to one of E. Szpilrajn’s.2

SzriLrain’'s TEEOREM: If Q i3 a quast-ordering, then there is a weak
ordering R which is compatible with Q.

Thus, in ordinary demand theory, we may establish a quasi-ordering
among all commodity bundles by saying that a bundle all of whose
components are larger than another is superior to it. Szpilrajn’s theorem
tells us that it is possible to comstruct a complete indifference map in
which the comparisons of such pairs of bundles will gatisfy this condi-
tion; i.e., we can construct an indifference map with downward-sloping
indifference curves. The theorem is trivial in any particular applica-
tion; nevertheless, it is not trivial in its full generality.

From Bzpilrajn’s theorem, we will deduce the following lemma.

LemMma 4: Let Q be a quasi-ordering, S o set of aliernatives such that,
if z # y and x and y both belong lo 8, then not 2 Qy, and T a relation
which establishes a weak ordering on 8. Then there is a weak ordering
B of oll allernatives compatible with Q su¢h thatz Ry ifand only if z T y
Jorzandyin 8.

This means the following: SBuppose that, of all possible pairs of al-
ternatives, the choices among some pairs are fixed in advance, and in
a consistent way, so that if z is fixed in advance to be chosen over y
and y fixed in advance to be chosen over z, then x is fixed in advance to
be chogen over z. Suppose, however, that there is a set 8 of alterna-
tives such that the choice between no pair of them is prescribed in

*E. Szpilrajn, “Bur lextension de Pordre partiel,” Fundamenta Mathematicae,
Vol. 16, 1930, pp. 386-389. I am indebted for this reference to J. C. C. McKinsey.



SEC. 3] QUASI-ORDERINGS AND COMPATIBLE WEAK ORDERINGE 65

advance, Then the lemma states that, given any ordering of the
elements in S, there i a way of ordering all the alternatives which will
be compatible both with the given ordering in S and with the choice
made in advance. In other words, if we know there is some ordering
and we know some of the choices implied by that ordering but the
known choices do not give any direct information as to choices between
elements in a subset S, then there is also no indireet information as to
the choices in §, i.e., the ordering of all the alternatives is compatible
with any ordering in S.

Thus, to continue with the example of demand theory, suppose we
have, as before, the quasi-ordering implied by the condition that all
marginal utilities are positive. Such a quasi-ordering tells us nothing
directly about the ordering of the bundles on a given budget plane
(assuming positive prices). Lemma 4 tells us, then, that no information
* whatever is conveyed as to the choice from a given budget plane by
the assumption that all marginal utilities are positive; any ordering of
the bundles on a given budget plane can be extended to an indifference
map for all bundles which can be represented by a utility function all
of whose partial derivatives are positive. (Of course, the assumption
that marginal utilities are positive does tell us that the choice will be
made on the budget plane and not below it.)

Proor: Let Q"' be any quasi-ordering such that,

(1) Jorall z and y, x Q y implica x Q"' y,
(2) Joradlzandyin S,z Ty implies z Q" y.

The relation of universal indifference, ie., z Q" ¢ for all z and v, is
a quasi-ordering and satisfies (1) and (2), so that there is at least one
Q" satisfying (1) and (2). Define a relation @' as follows:

3) zQ yif and only if z Q" y for oll quasi-orderings Q"' satisfy-
ing (1) and (£).

Since each @" is a quasi-ordering, it follows from (3) and Definition 7 that

1) Q' i3 a quasi-ordering.

From (1)-(3),

6))] forall z and y, z @ y implies 2 Q" y,
(6) Jorallzandy in 8, z T y tmplies 2 @' y.

Suppose, for some particular z’ and y’ in S, not z' T'y". Let X; be
the set of all alternatives x such that either
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{7) zin 8, zTy
or
(8) forsomezin S,zQzandzTy .

Let §; be defined as follows:

(9) z Q1 y if and only if either z in X, or y not in X,.
It follows from (89) and Definition 7 that

(10) Q1 is & quasi-ordering.

Suppose, for some z and %, zQ ¥ and y in X;. Then, from (7) and
(8), either y in S, ¥ T'y’, in which case z is in Xy by (8), or, for some
2,yQz22in8,z2Ty. In the latter case, zQy and y Q@ z imply z Q 2,
since @ is a quasi-ordering, so that again z is in X; by (8). Hence, in
any case, if @ y and y is in Xy, then zis in X;. From (9),

(11) z Qy implies 2 Q, y.

Now suppose, for some z and y in S, 2Ty, y in X;. Then, either
y Ty, in which case z T'y', since T is a weak ordering, and therefore
zisin X; by (7),ory@2,2in 8,zTy'. But sincebothya_ndzarem
S, the latter can hold only if ¥ = z by hypothesis, and we have y Ty’ R
which is the previous case. As above,

(12) Jorzandyin 8, z Ty implies 2 Q, .

From (10)-(12), @, is & quasi-ordering satisfying (1) and (2). But, from
(7), ¥’ belongs to X, since y’ T y’. Since, by assumption, not =’ T 3/,
(7) cannot hold for z = 2/, If #/ belongs to X, then (8) must hold,
le.,r’ @z 2zin 8, 2 Ty ; but, since z’ and z both belong to 8, we must
have 2z = z',sothat 2’ T ¢/, contra.ry to assumption. Hence, =’ does not,
belong to X 1, S0 that not 2’ @, %'. From (3), not ' @' 3. Replacing
z' by z and ¥’ by ¥, we have,

(13) Jorz and y in S, not z T y implies not z Q' 3.

Now suppose, for some particular ' and y', ' Q%' and not ¥ Q z'.
Let X2 be the set of all alternatives z such that one of the following holds:

(14) zQ
(15) zin S and, forsomezin 8,2 T2, 2Q z',
(18) Jorsomezy and 2o in 8,2Q 21,2, T 23, 2, Q 2.



SEC. 3] QUASI-ORDERINGS AND COMPATIBLE WEAE ORDERINGS 67

Define the relation €2 as follows: '

(7 z Qo ¥ if and only if either x in X, or y not in X,
From (17) and Definition 7,
(18) @)a 18 a quast-ordering.

Suppose, for some r and y, xQy, y in X5. One of (14)-(16) must
hold, with z replaced by y. If y @ 2, then x Q 2/, so that z is in X,.
Ifyin8,z2in 8,y T2 2Q ', thenzisin Xy by (16). If y @2y, 2, T 24,
25 Q z’, then, since 2 @y, we have 2 Qz), 2, T 23, 2, Q@ 2’, so z is in X,
by (16). Hence, as before,

(19) zQyimplies x Qy y.

Suppose, forsome zand yin S, 2 Ty, yin Xo. If y @2, then z is
in Xp by (15). If y T2 2@z, then, since x Ty, 2 T2, 2Q 2', 50 z is
in Xp by (15). Ify @z, 21 T 29, 20 @ 2, 2, and 24 in 8, then, since both
y and z; are in 8, ¥ = 2z; by hypothesis, so this reduces to the previous
case ag y T 29,

(20) Ifxandyarein S,z T y implies x Qs y.

If ' had belonged to X3, one of (14)-(16) would have held, with
z = y'. Since not ¥’ & =’ by assumption, (14) cannot hold. If 4 and 2
in 8, y Tz zQx', then, since 2’ @y by assumption, z @ %', so that
2 = g’ by the hypothesis about 8, and ¢’ @ 2/, contrary to assumption.
Ify' Q21,2 T 22, 22Q 2, 2, and 2p in 8, then 2, @ ¥ since 2’ Q ¢, and
therefore 2, ¢ 2;. Thisimplies z; = 2, 80 that ' @ 25, z; @ 2/, and there-
fore y' @ 2/, contrary to assumption. Therefore, ¥’ does not belong to
Xg3; on the other hand, z’ belongs to X by (14) since 2’ @ #’. Therefore,
not ¥’ @z z', by (17). From (18)-(20) and (1)-(3), not ' @ #'. Re-
placing z’ by z and ¥’ by y, we get

21 z Qy and not y Q z imply not y Q' z.
(21) ¥ ply not y

From (4) and Szpilrajn’s theorem, there is a weak ordering R of all
alternatives such that -

(22) R is compatible with ',
From (5), (22), and Definition 8(e),
(23) x Qy implies z B 3.

From (5), (21), (22), and Definition 8(d), z @ ¥ and not v @ z imply
z @ y and not y @' x, which in turn imply not z B 3.

29 2Qyand not y @z imply not z R y.
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From (23), (24), and Definition 8,

{25) R is compalible with Q.
From (6), (22), and Definition 8(¢),
(26) Jorzandyin 8,z Ty impliesz R .

Suppose z and ¥ in S and not z Ty. Then y T z, sgince T is a weak
ordering. From (6) and (13), ¥ @ = and not z Q' y; from (22) and
Definition 8(d), not z B y. Combining with (26) shows that,

{27) forzandyim S,zRyfondonlyif c T y.
{(25) and (27) establish the lemma,

4. AN ExampLE

Suppose that among the possible alternatives there are three, none
of which gives any individual at least as much of both commeodities as
any other. For example, suppose that there are two individuals and
a total of ten units of each of two commodities. Congider three alterna-
tive distributions described by the table below, The individualistic

Individua] 1 Individual 2
Alternative
Commodity 1 | Commeodity 2 | Commodity 1 | Commodity 2
1 5 1 b 9
2 4 2 8 8
3 3 3 7 7

restrictions imposed do not tell us anything about the way either indi-
vidual orders these alternatives. All preferences are permitted, so that
we are esgentially back in the original situation of unrestricted choice
where the paradox holds.

In fact, the same example shows that even further restrictions that
have sometimes been used will not suffice. Thus, in the individuslistic
case, it is occasionally further assumed, at least as & basis for welfare
statements, that all men have the same preferences in regard to their
individual situations. Given any ordering of the various social alterna-
tives by the two individuals, we can construct a preference scale for the
six individual situations involved by assuming the three available to



SEC. 5] A ONB-COMMODITY WORLD 69

individual 2 to be ranked according to his preferences and all to he
superior to the three individual situations available to individual 1, the
last being ranked among themselves in accordance with individual 1’s
tagtes. If each allocation of each commodity in alternative 2 is reduced
by .5, it is even possible to embed this last preference scale for the
individual situations into an indifference map with convex indifference
curves; 8o even assuming convexity does not impose enough restrietion
on individual preference scales to permit a satisfactory social welfare
function.

The results of this section suggest strongly that the difficulties in
forming a social welfare function arise from the differing social attitudes
which follow from the individualistic hypothesis, especially in the case
of gimilar tastes for individual consumption. It follows that the possi-
bility of social welfare judgments rests upon a similarity of attitudes
toward social alternatives.

5. A OneE-CoMMoDITY WORLD

The insufficiency of the individualistic hypotheses to permit the forma-
tion of a social welfare function, as developed in the previous sections,
hinged on the assumption that there was more than one commeodity
involved. An investigation of the one-commodity case may be of interest
in bringing out more clearly the issues involved.

In a one-commodity world, if we impose Conditions 1 and 2 of Sec-
tion 1, there is for any given individual only one possible ordering of
the social states. He orders various social states solely according to
the amount of the one commodity he gets under each. In such a
situation, the individual orderings are not variables; Conditions 2, 3,
and 4 become irrelevant since they relate to the variation in the social
ordering corresponding to certain specified types of changes in the indi-
vidual orderings. Condition 5.(nondictatorship) hecomes a mueh weaker
restriction, though not completely irrelevant. Any specification of a
social ordering which does not coincide completely with the ordering
of any one individual will be a social welfare funetion compatible with
all the conditions. For example, for each fixed total output, we might
set up arbitrarily an ordering of the various distributions; we then
order any two social states with different total outputs in accordance
with the total output, any two social states with the same total output
according to the arbitrary ordering. This sets up a genuine weak order-
ing which does not coincide with the ordering of any one individual.
For example, let z and y be two states with total outputs s and ¢, respec-
tively, and with apportionments s’ and ', respectively, to the given
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individual. If 3 > ¢, but 8’ < ¢, then society prefers z to y, while the
individual prefers ¥ to z.

The qualitative nature of the difference between the single- and multi-
commodity cases makes any welfare arguments based on an implicit
assumption of a single commodity dubious in its applicability to real
gituations. The fundamental difficulty is the same as that pointed out
in connection with the Kaldor compensation principle in Chapter IV,
Section 2: as soon as more than one commodity exists, there is the
question of making them eommensurable, i.e., of introducing a standard
of values.

6. Groupr CHoicE IN THE THEORY oF GaMES

In the present development of the theory of multi-person games, an
important role is played by the assumption that each possible coalition
ranks all possible alternative strategies according to the sum of the pay-
ments to its members.? It may be asked why this group choice function
does not run into the paradox discussed here. Tt is true that it is assumed
in the theory of games that each individual is playing for his own
interests; ¢ but it has already been pointed out (see Section 2) that the
individualistic hypothesis is insufficient to yield a satisiactory social
welfare function.

The world of the theory of games is a one-commodity world, but the
gituation is somewhat more complicated than that envisaged in the
previous section. If there are a number of different possible money
payments, any probability distribution over this range is also the out-
come to an individual of a possible social alternative (imputation), and
each individual ranks not only money payments but also probability
distributions of money payments. If no other restriction were imposed,
the probabilities of different outcomes would act like different com-
modities, and the situation of Section 2 would appear. However, Pro-
fesgors von Neumann and Morgenstern assume for the purposes of the
theory that individuals rank probability distributions solely according
to the expected value of the money return; this ranking is implicit in
the assumption of a transferable utility.® Again, therefore, the ranking
by each individual of alternative social states is preseribed in advance,
and the situation is that of the preceding section.

3 Von Noumann and Morgenstern, op. cil,, p. 264. The sbove remark is implicit
in the definitions of effective set and domination

4 Jbid., pp. 8-9.

& Ibid., pp. 804, 629 fn.
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7. DisTrRIBUTIONAL ETHica COMBINED wITH INDIVIDUALISM

We may examine briefly a set of assumptions about individual values
which seems to be common to those who feel that the new welfare eco-
nomics i8 applicable in a fairly direct way to the solution of specific
economic problems. It is assumed that there are; (1) an accepted (let
us say, unanimously accepted) value judgment that if everybody is
better off (more precisely, if everybody is at least as well off and one
person better off) in one social state than another according lo his tastes,
then the first social state is preferred to the second; and (2) a universally
accepted ordering of different possible welfare distributions in any given
situation. The latter value judgment usually takes an egalitarian form.

This ethical scheme is quite explicit in the work of Professor Bergson;
the second value judgment is contained in his Propositions of Relative
Shares.® The same set of ethics underlies the compensation principle
of Mr. Kaldor and Professor Hicks; we have already observed the
difficulties with that approach (Chapter IV, Section 2). More recently,
some proposals made by Professors Johnson and Modigliani for meeting
the problem of the increased cost of food due to European demand
seem to have been based on value judgments (1) and (2) above.” To
prevent the inequitable shift in real! income to farmers, it was proposed
that there be impoged an excise tax on food, accompanied by a per capita
subsidy to consumers. Under the assumption that the supply of agri-
cultural goods is completely inelastic, the tax would be absorbed by the
farmers while the subsidy would have no substitution effects at the
margin, so that the marginal rate of substitution for any pair of com-
modities would be the same for all consumers and hence the first value
judgment would be fulfilled. The taxes and subsidies perform a purely
distributive function and can be so arranged as to restore the status quo
ante as nearly as may be desired, though actually the payment of a
per capita subsidy iraplies a certain equalizing effect.

The value judgments are assumed here to hold for any individual.
Note that to even state these judgments we must distinguish sharply
between values and tastes (see Chapter 11, Section 3). All individuals
are gssumed to have the game values at any given instant of time, but
the values held by any one individual will vary with variations in the
tastes of all. Qur previous arguments as to the nonexistence of social

¢ Bergson, “A Reformulation . . . ,” ep. ¢il,, pp. 320-321.

7D. Gale Johnson, “The High Cost of Food—A Supgested Solution,” Journal of
Political Economy, Vol. 58, February, 1948, pp. 54-57. Professor Modigliani's pro-
posals are contained in a press release of the Institute of World Affairs, New York,
October, 1948.
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welfare functions were based on the diversity of values; do they carry
over to this particular kind of unanimity?

The actual distribution of welfare dictated by the second value judg-
ment cannot be stated simply in money terms. As Professor Samuelson
points out, such a value judgment is not consistent with any well-
defined social ordering of alternative social states.? The distribution of
real income, for a given environment, must vary with individual tastes.
Thus, for a given set of individual tastes (as represented by the ordering
relations of all individuals, each for his own consumption) and a given
environment, there is a given distribution of purchasing power (somehow
defined); then exchange under perfectly competitive conditions proceeds
until an optimum distribution is reached. The given distribution of
real income and the individual tastes uniquely determine the final out-
come, which is a social state. Therefore, the given ethical system is a
rule which defines the social state chosen from a given environment as
a function of the tastes of all individuals. If, for a given set of tastes,
the environment varies, we expect that the choices will be consistent,
in the sense that the choice function is derivable from a soeial weak
ordering of all social states. Thus, the ethical scheme discussed in this
section, which we may term the Bergson social welfare function, has
the form of a rule assigning a social ordering to each possible set of indi-
vidual orderings representing tastes. Mathematically, the Bergson social
welfare function has, then, the same form as the soecial welfare function
we have already diseussed, though, of course, the interpretation is some-
what different in that the individual orderings represent tastes rather
than values, and the whole function ig the end produet of certain values
assumed unanimously held rather than a method of reconciling divergent
value systems. If the range of tastes is not restricted by a priori con-
siderations (except that they must truly be tastes, i.e., they must refer
only to an individual’s own consumption, however that may be defined),
then indeed the Bergson social welfare function is mathematically iso-
morphic to the social welfare function under individualistic assumptions.
Hence, the Possibility Theorem under Individualistic Assumptions (Cor-
ollary to Theorem 3) is applicable here; we cannot construct a Bergson
social welfare function, i.e., one satisfying value judgments (1) and (2),
that will satisfy Conditions 2-5 and that will yield a true social ordering
for every set of individual tastes. Essentially, the two value judgments
amount to erecting individualistic behavior into a value judgment; it
is not surprising, then, that such ethics can be no more successful than
the actual practice of individualism in permitting the formation of social
welfare judgments.

& Samuelson, op. cit., p. 225.



SEC. 7] DISTRIBUTIONAL ETHICS COMBINED WITH INDIVIDUALISM 73
i '

It must, of course, be recognized that the meaning of Conditions 2-5
has changed. The previous arguments for their validity assumed that
the individual orderings represented values rather than tastes. It seems
obvious that Conditions 2, 4, and 5 have the same intrinsic desirability
under either interpretation. Condition 3 is perhaps more doubtful,
Suppoee that there are just two commodities, bread and wine. A dis-
tribution, deemed equitable by all, is arranged, with the wine-lovers
getting more wine and less bread than the abstainers. Suppose now
that all the wine is destroyed. Are the wine-lovers entitled, because of
that fact, to more than an equal share of bread? The answer is, of
course, s value judgment. My own feeling is that tastes for unattain-
able alternatives should have nothing to do with the decision among
the attainable ones; desires in conflict with reality are not entitled to
consideration, so that Condition 3, reinterpreted in terms of tastes rather
than values, is a valid value judgment, to me at least.



CHapTER VII

SIMILARITY AS THE BASIS OF SOCIAL WELFARE
JUDGMENTS

1. CoMpLETE UNANIMITY

Suppose that we do not assume in advance the shape of the preferences
of any one individual, but we do assume that all individuals have the
same preferences for social alternatives. This implies a social-minded
attitude and also a homogeneous society. If we consider the preferences
in question to refer not to expressed preferences but to the preferences
which would be expressed if the corruptions of the environment were
removed, the assumption of unanimity is the idealist view of political
philosophy.! In this case, the obvious way of defining the social welfare
function is to choose some one individua!l and then say that the social
preference scale shall be the same as his. This satiafies all the condi-
tions set forth in Chapter ITT except the condition that the social welfare
function not be dictatorial. Under the assumptions of this section, since
it makes no difference who is dictator, the condition of nondictatorship
loses its intrinsic desirability. _

We may generalize somewhat. Suppose it is assumed in advance
that a majority of the individuals will have the same ordering of social
alternatives; it is immaterial whether the particular membership of the
majority is known in advance or not. Then the method of majority
decision (see Definition 9) will pick out this agreed-on ordering and make
it the social ordering. Again all the conditions laid down in Chapter III
will be satisfied.

These results, which are trivial from the mathematical point of view,
reinforce the suggestion at the end of Chapter VI, Section 4, that like
attitudes toward social alternatives (not like tastes for individual con-
sumption) are needed for the formation of social judgments. Some
values which might give rise to such similarity of social attitudes are
the degires for freedom, for national power, and for equality; ? likeness

1 8ee Bection 3.

3 These are here considered as ends in themselves; they also have an instrumental
significance in furthering or hindering other ends, and an individual who favors
equality, for example, as an end in itself may nevertheless favor s certain amount
of inequality in order to increase total output.
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in individual tastes, by its very nature, leads to likeness in desires
for social alternatives. Somewhat less direct in its social implication
is the desire for prolongation of life, which we may take to be one of
the most universal of all human motives. This desire is essentially
individualistic, extending to only a few individuals at most; but, since
the means for achieving increased lopgevity are in such large part social,
there iz a strong factor making for like attitudes on special issues.
Differences may still arise owing to imperfect knowledge.? Of like nature
are the various types of collective consumption.

2. Tue CABE OF SINGLE-PEAXED PREFERENCES

A radical restriction on the range of possible individual orderings has
been proposed recently by Professor Duncan Black.* He assumes
that, if Uy, +++, U, are utility indicators for the individual orderings
Ry, ---, R., then the alternative social states can be represented by a
one-dimensional variable in such a way that each of the graphs of
Uy, +++, U, has a single peak. An example in which this assumption

#F. G. Dickinson, of the American Medical Association, has suggested orally that
the prolongation of life could itself be used ag a social welfare guide. This view is
especially attractive ance the greater part of social, and particularly economie,
activity is devoted to that end, broadly comstrued. In contrast to other besic
motives, such as sex and prestige, the desire for longevity is socialising rather than
divisive, although, if one considers the world as one unit, the relation between popuia-
tion and food supply is probably such that strong elements of conflict remain. How-
ever, life cannot be taken as a sole objective since, for most human beings, there
are specific situations in which human beinge are willing to give up their lives in
the pursuit of other values, whether these be the aggrandizement of the political
unit to which one owes obedience (“Dulce et decorum est pro patria mori”’— Horace)
or the deaire for freedom (““It is better to die on your {eet than to live on your knees”
—Dolores Ibarruri). From & more practical viewpoint, longevity is probably too
insensitive to ghort-run economic adjustments to serve as a meaningful guide,
especially in view of the great uncertainty existing as to the factors malking for pro-
longation of life.

The very messurement of length of life for a whole society involves most of the
ambiguities already found in economic welfare anslysis. Thus, in evaluating the
relative importance of different causes of death, simple death rates have been objected
to on the grounds that they ignore age at death, which should be congidered since it
determines the loss to society occasioned by the death. Therefore, new measures
are proposed which seek, at least to & rough approximation, to measure the economic
loss to society occasioned by the deaths due to each cause. (See F. G. Dickinson
and B. L. Wetker, What 1a the Leading Cause of Death? Two New Measures, Bulletin
84, Bureau of Medical Economic Research, American Medical Association, Chicago,
1948.) Of course, carried to its logical conclusion, this course involves all the diffi-
culties already encountered in ascribing & meaning to social productivity.

¢ 8ee fn. 17, Chapter L
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is satisfied is the party structure of prewar European parliaments,
where there was a universally recognized Left-Right ordering of the
parties. Individuals might have belonged to any one of the parties;
but each recognized the same arrangement, in the senge that, of two
parties to the left of his own, the individual would prefer the program
of the one less to the left, and similarly with parties on the right.
Nothing need be specified as to the relative choice between & party to
the right and a party to the left of an individual’s first choice.

It is possible to find economic examples in which Black’s postulate
may be expected to be satisfied. Thus, suppose that, for reasons of
technological efficiency, it is required that ail workers work the same
number of hours, and it is desired to fix the number of hours to be
worked. If we assume that wages are to be paid in accordance with
marginal productivity, the real wage rate is a known decreasing function
of the number of hours selected; hence each social alternative is com-
pletely specified by a single number, the number of hours worked. For
each individual, the relation between wages and hours worked defines
an income-leisure transformation curve. Under individualistic assump-
tions, we may assume that individuals rank different numbers of hours
to be worked by considering the corresponding points on the income-
leisure transformation curve and comparing the income-leisure indiffer-
ence curves which pass through them. We may reasonably suppose
that there is one point on the transformation curve for which the indi-
vidual’s utility is maximized and that the individual’s utility decreases
as the number of hours worked varies in either direction from the
optimum. Then Black’s postulate is satisfied.

Black shows that, under his assumption of single-peaked preferences,
the method of majority decision (see Definition 9) will lIead to determi-
nate results, since there is exactly one alternative which will receive a
majority over any other, provided the number of voters is odd.b If
the total number of alternatives is finite, this result shows that, for
any set of individual orderings representable by single-peaked pref-
erences, the method of majority decision leads to a transitive ordering
of the alternatives; for we may remove the best alternative and then
consider the one that is best among the remainder, in the sense of being
preferred by a majority of the individuals to any other alternative left,
as being second-best, etc.® However, the proof in the general case of
any number of alternatives requires other methods. Let us therefore
redefine the assumption of single-peaked preferences in a formal way.

£ Black, “On the Rationale . .. ,"” op. cit, pp. 26-28; “Decisions of a Com-

mittee . . . ,” op. cil., pp. 250-251.
¢ Black, “On the Rationale . . . ,” op. cit., p. 30,
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Under this assumption, there is a way of ordering the alternatives so
that each individual ordering will be representable by a single-peaked
utility curve. This bagic reordering of the alternative social states is
not a weak ordering of the type defined by Axioms I and II since, of
any two distinet altermatives, one must precede the other. Such an
ordering is analogous to the relation of “less than” in the domain of
real numbers; we may call it a strong ordering.

Dermrrion 11: The relation 8 is said fo be a sirong erdering relation if,
(a) for all z, not z 8 z;

(b) forallz #= y, etther t Sy or y S z;

(c) forall x, y, and 2, c Sy and y S z imply = 8 2.

In terms of a strong ordering, we can define the concept of “betweenness”
in an obvious way. Let B(z, ¥, 2) mean “y is between « and 2.”

DerinrrioN 12: If 8 48 a sirong ordering, define B(z, y, 2) to mean that
eitherxSyandySzorz8yandy S z.

An obvious consequence of Definitions 11 and 12 is the following
lemma.

LemMa 5: If x, y, 2 are distinct, then one and only one of the following
holds: B(z, y, 3), B(y, z, z), B(y: %, x).

Black’s assumption may be written as follows.

ASSUMPTION OF SINGLE-PEAKED PREFERENCEs: There exists a strong
ordering S such that, for each i, x B, y and B(z, y, 2) together imply y P; 2,
where B(z, y, z) 15 the befweenness relation dertved from S by Definition 12.

Consideration of a one-peaked graph will show that the above state-
ment corresponds precisely to that given originally,

In the terminology of the present study, Black proposes replacing
Condition 1 by

Conorrion 1: For all sels of individual orderings By, - - -, Ry satisfying
the Assumption of Single-Peaked Preferences, the corresponding social
ordering R shall be a weak ordering.

We have already noted (Theorem 1) that the method of majority
decision is a social welfare function satisfying Conditions 1-5 when
there are only two alternatives altogether, but that method does not
satisfy Condition 1 when there are more than two alternatives. The
method of majority decision does, however, satisfy Conditions 2-5 for
any number of alternatives. We will show that this method satisfiey

Condition 1” and hence is a valid social welfare function for single-
peaked preferences.
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As before, let N(z, ) be the number of individuals for whom z R; 3.
Then, by Definition 9, if R is formed by the method of majority decision,

e)) z Ry if and only if N(z, y) > N(y, z).

Lemma 6: If R is formed by the method of majority decision from a
given set of individual orderings Ry, - - -, Ry, and if, for all i, z R; y implies
z P:w (for o given z, y, 2, and w), then x R y implies z B w.

Proor: Suppose the hypothesis holds, and also z Ry. We wish to
prove that z B w. By hypothesis, for every individual for whom z R; y,
we can also say z B; w, so that

@ NG, v) 2 NGz, ).
Also, since z R y, we have, by (1),
3 Nz, y) > N(y, z).

If w R; 2, then not z P; w. Hence, by hypothesis, not = B; 3, and there-
fore y B;x. That i3, w B; z implies y R; z, so that

4) N(y, z) 2 N(w, 2).
By (2)-(4), N(z, w) = N(w, 2), so that, by (1), zRw. QE.D.

TurorEM 4 (Possibility Theorem for Single-Peaked Preferences): The
method of majority decision is a social welfare function satisfying Condi-
tion 1'* and Conditions 2-5 for any number of allernalives, provided the
number of individuals 18 odd.

Proor: By Lemma 3, the method of majority decision satisfies Con-
ditions 2-5. Hence, it is only necessary to prove that if By, ---, R,
satisfy the Assumption of Single-Peaked Preferences, then the social
ordering R iormed by the method of majority decision satisfies Axioms
I and II. Clearly, either N{z, ) > N(y, x) or N(y, z) = N(z, ), 8o
that, by (1), for all 2 and y, either x By or y B z. Hence, R satisfies
Axiom I.

To show that R is transitive, assume z Ry and y B z. We seek to
prove that z Rz If r =y, then z Rz follows from y Rz; if y = ¢,
then z R z follows from z Ry. Ii = 2, then wo seek to prove that
z B z; but this follows immediately from (1) and the trivial fact that
N{z, z) > N(z, ).

Now assume that z, y, and 2 are distinet. By Lemma 5, there are
three possibilities:

(=) B(z, y, z): By the Assumption, if x B; % holds, then y P; 2 holds.
From z R; y and y P; 2, it follows that z P; z; i.e., z B;y implies z P; 2,
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Now apply Lemma 6, replacing z by z and w by 2; from z B y, which is
assumed, follows z B 2.

(b) By, z, 2): Suppose y E; z but not z P;z. From the second state-
ment follows z R;z. From y R;z and 2 B; z, we can conclude y E; z.
By the Assumption, replacing z by y and ¥ by z, y B; z implies z P; 2,
which contradicts the original supposition that both y E;2z and not
x P;z hold. Therefore, if y R; 2, then z P;z. By Lemma 6, replacing
z by y, y by z, z by z, and w by z, z R z follows from y B 2.

(¢) B(y, 2, z): Suppose y R;z. Then, by the Assumption, replacing
z by y, ¥ by 2, and z by z, we can assert z P;z. From y R;zand 2 P; 2,
we have y P;z. That is,

5) y R; 2z implies y P; z.

Let N’ be the number of individuals for whom y P; z, and N the number
of individuals. Then, z R; y if and only if not y P; z, so that

(6) N(z,y) =N - N
If ¥ P; z, then certainly y R; z, so that
(7) Ny, z) > N".

Since z R y, we have, by (1), that N(z, y) = N(y, z); by (6) and (7),
N—-N>2N,or

®) N £ %r

From (5),

9 N' 2 N(y, 2).

For each 4, either y B; 2 or z R; y; therefore, 7
(10) N(y,z) + Nz y) 2 N.

Asy R 2, we have, by (1), that N(y, 2} > N{z, y). By (10), this implies
that N(y, 2} > N/2. From (9), it follows that N’ > N/2, and, with
the aid of (8), N’ = N/2. But this contradicts the hypothesis that the
number of voters is odd. Hence, case (¢) cannot arise; if B(y, 2, z),
then we cannot have both z R y and y R 2.

Therefore, in every case where it was posgible that z Ry and y B 2,
it was also true that z B z. R is transitive; this completes the proof of
Theorem 4.

It may be noted that Theorem 1, the Possibility Theorem for Two
Alternatives, i really a special case of Theorem 4 since, if there are
only two alternatives, the individual orderings are necesgarily single-
peaked. The case of complete unanimity, discussed in the last section,
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is also a case of singie-peaked preferences 1t arternatives that are indif-
ferent to every individual are regarded as identical, for we may then
use as the basic strong ordering the common individual ordering. Also
note that in the example of the paradox of voting mentioned in Chapter I,
Section 1, there was no way of ordering the three alterna.twes so that
the ordermgs were of the single-peaked variety.

The condition in Theorem 4 that the number of individuals be odd
is essential. Suppose there are two individuals, one of whom prefers
z to y and y to 2, while the other prefers y to z and 2z to z. These order-
ings satisfy the Assumption of Single-Peaked Preferences if the ordering
7, y, z is taken as the basic strong ordering. Then majority decision
yields x indifferent to y and y preferred to z, but z is indifferent and not
preferred to 2.

Thus, if the Assumption of Single-Peaked Preferences is satisfied by
the orderings of the various individuals, assumed odd in number, we
could, under certain assumptions about the environment, find the social
choice by considering each pair of alternatives, having individuals vote
between them, and then selecting that alternative which has a majority
over every other in pair-wise comparisons. Actually, as Black points
out, if the Assumption is made, it is not necessary to make all those
comparisons to find the optimum; it suffices to look only at the first
choices of the various individuals and find the median of these first
choices when they are considered arrayed according to the basic strong
ordering.’

The fact that Black's restrictions on individual orderings suffice to
permit a social welfare function casts new light on what is meant by
similarity of social attitudes. In the present case, individuals can have
varied first choices; but they must have a fundamentally similar attitude
toward the classification of the alternatives since they all order the
alternatives in the same way®

? Black, “Decisions of a Committee . . . ,” op. eit., p. 250.

8 I may add here that Black intended his work to be e contribution to the analysis
of actual political behavior rather than to that of social welfare. He envisages o
committee before which successive motions come. The committee chooses between
the first two motions; then the winning motion is paired off against the third for
voting; and, rimilarly, the motion which has emerged victorious after the first n votes
is now voted on with the (n + 1)th motion as the alternative, However, Black
aggumes that, at each stage in the process, each individual votes in sccordance with
his ordering. This could only he so if no individual had any incentive to misrepresent
his true feelings in order to get a final result more to his liking; if thie were 80, then
certainly no individual would misrepresent his ordering if he knew that nobody
else would. An example will show the last statement to be false. Let individual 1
have ordering z, ¥, z; individual 2, , z, #; and individual 3, s, y, . Buppose that
the motions come up in the order y, z, 2. If all individuals voted according to their
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3. Tar IpeArisT PosiTion ANp THE CoNCEPT oF CONSENSDS

The results of the preceding two sections show that mathematically,
at least, it is possible to construct suitable social welfare functions if
we feel entitled to say in advance that the tastes of individuals fall
within certain prescribed realms of similarity. Do these or possibly
other mathematical restrictions have any social significance? I do not
pretend to have any definite answer; but some reflections and tentative
suggestions are in order, especially on the relation between the mathoe-
maties and the views contained in a small sample of the vast literature
on the foundations of social morality.

The assumption of Section 1, that of complete agreement among indi-
- viduals on the ordering of social alternatives, may seem obviously con-
trary to fact. But, properly interpreted, it is at the basis of a great
portion of political philosophy, namely, the idealist school. The funda-
mental doctrine of the group is that we must distinguish between the
individual will, as it exists at any given instant under varying external
influences, and the general will, which is supposed to inhere in all and
which is the same in all; social morality is based on the latter. This
view is expressed in the works of Rousseau, Kant, and T. H. Green,
among many others.? There may, indeed, be wide divergencies between

orderings, y would be chosen over £ and then over z. However, individual 1 could
vote for z the first time, insuring its victory; then, in the choice between 2 and z,
z would win if individuals 2 and 3 voted according to their orderings, so that indi-
vidual 1 would have a definite incentive to misrepresent. The problem treated here
is similar to, though not identical with, the majority game, and the complicated
anelysis needed to arrive at rational solutions there suggests strongly the difficulties
of this more general problem of voting. (See von Neumeann and Morgenstern,
op. cil., pp. 481—445.) This difficulty is noted by Black (“On the Rationale . . . ,”
op. cit,, p. 28 fn.).

*J. J. Roussean, The Social Contract, English translation, New York and London:
G. P. Putnam’s Bons, second edition, revised, 1806, p. 25; 1. Kant, “Fundamental
FPrineiples of the Metaphysic of Morals,” in Kani's Critiqus of Practical Reason and
Other Works on the Theory of Ethics, English translation by T. K. Abbott, fifth
edition, New York: Longmans, Green and Co., 1898, pp. 51-52; T. H. Green, Lectures
on the Principles of Political Obligation, New York and London: Longmans, Green
and Co., 1805, pp. 4448, 125-126. “To [a basis of political or free society] it is
necossary, not indeed that everyone subject to the laws should take part in voting
them, still less that he should consent to their application to himself, but that it
should represent an idea of common good, which each member of the society can
make his own 80 far as he is rational, i.e., capable of the conception of a common
good, however much particular passions may lead him to ignore it and thus necessitate
the use of force to prevent him from doing that which, so far as influenced by the
coneeption of a common good, he would willingly abstain from” (Green, #bid., p. 126).
(See also Knight, “Ethics and Econcmic Reform,” op. cit., p. 78.)
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the mdividual will, corrupted by the environment, and the true general
will, which can never err though it mey be mistaken as to means; indeed,
the two wills will only agree by accident.® But the existence of the
general will as the basis for the very existence of a society is insisted on."

Kant has developed the idealistic viewpoint in morals in the most
gystematic fashion. He distinguished among three imperatives for an
individual: the technical, the pragmatic, and the moral. The technical
imperative is identical with what we have here called the environment;
it represents knowledge of the means necessary to carry out given ends.
The pragmatic imperative is the direction to the individual to seek his
happiness; it correspondg to our individual orderings of social alterna-
tives. Happiness is, according to Kant, a vague and uncertain guide to
action. These two imperatives are of a contingent nature, lacking in
the ultimate necessity which should characterize moral obligation; hence,
he refers to them as hypothetical imperatives, as contrasted with the
moral imperative, which is a categorical imperative having an objective
exigtence.’? The moral imperative corresponds to our concept of the
social ordering, in a sense, but it is also an individual ordering for every
individual; it is the will which every individual would have if he were
fully rational.

. 'The content of the moral imperative stems from its categorical nature.
The moral or categorical imperative must have full interpersonal valid-
ity; this is Kant’s principle of the Autonomy of the Will. For this to
hold, each individual must treat every other individual as an end in
himself. Kant's famous rule of the categorical imperative is, then, to
adopt such principles of behavior that, if everyone followed them, they
would lead to no self-contradiction. A group of individuals each ration-
ally obeying the moral imperative constitutes a “kingdom of ends”—
in our terminology, a society with a satisfactory social welfare function.'?

The idealist doctrine then may be summed up by saying that each
individual has two orderings, one which governs him in his everyday

10 Roussesu, op. cif., p. 35.

1 Rousseau: “If the opposition of individual interests has rendered the establish-
ment of societies necessary, it is the accord of thess same interesta which has rendered
it possible’” (fbid., p. 34). Green: “There can be no right without a consciousness of
common interest on the part of members of a society. Without this there might be
eertain powers on the part of individnals, but no recognition of these powers by
others as powers of which they allow the exercise, nor any claim to such recognition;
and without this recognition or claim to recognition there can be no right” {(op. cit.,
p- 48); “No one therefore can have a right except (1) a8 & member of a sodiety, and
(2) of a society in which some common good is recognised ag their own ideal good,
a8 that which should be for each of them™ (zbid., p. 44).

12 Kant, op. cit., p. 34
_ B Jbid., pp. 51-52.
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actions and one which would be relevant under gome ideal conditions
and which is in some sense truer than the first ordering. It ia the latter
which i considered relevant to social choice, and it iz assumed that
there is complete unanimity with regard to the truer individual ordering.

It is overly strong to require that the pragmatic imperatives of dif-
ferent individuals be identical and perhaps even too much to agk that
there exist moral imperatives which have this property. The results
of Section 2 show that the condition of unanimity is mathematically
unnecessary to the existence of a social welfare function, and we may
well hope that there are still other conditions than those laid down there
under which the formation of social welfare functions, possibly other
than the method of majority decision, will be possible. But it must
be demanded that there be some sort of consensus on the ends of society,
or no social welfare function can be formed. If we deny the possibility
or meaningfulness of two wills, the consensus must be found in the overtly
expressed individual orderings; if we accept the possibility, we may find
the desired agreement in the moral imperatives of the various members
of society.

The importance of consensus on ends as part of the process of making
judgments on matters of social welfare has been stressed by economists
of both the Left and Right persuasions. Professor Knight is very explicit.
“We contend not only that such ideals are real to individuals, but that
they are part of our culture and sufficiently uniform and objective to
form a useful standard of comparison for a given country at a given
time.” 4 This formulation is especially valuable for pointing cut that
the consensus of moral imperatives need not be grounded in a meta-
physical absolute but may be based on the relative socio-ethical norms
of a particular culture. Implicit in Knight's stand is the inference that
there are two wills; as noted below, he evidently regards the moral im-
perative as having to be discovered by special techniques, which would
hardly be the case if the concept of consensus applied to the pragmatic
imperatives of individuals.

Professor Stigler has made it a burden of reproach to the new welfare
economics that it does not take into account the consensus on ends.!®
1t is not clear from his discussion whether he regards the agreed-on ends
as being obvious from introspection or casual observation (i.e., relating
to the pragmatic imperatives) or as requiring special inquiry; his com-
ments seem rather to incline in the former direction, in which case he

% Knight, “The Ethics of Competition,” in The Ethics of Competition and Other
Essays, op. cil., pp. 4145,

3 G. J. Btigier, “The New Welfare Economiecs,” Americar Economic Review, Vol.
33, June, 1943, pp. 355-359, especially pp. 857-359.
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lays himself open to Professor Samuelson’s request for immediate en-
lightenment on various specific economic issues,'®

The distinction between moral and pragmatic imperatives was one
of the strands in the debate a few years back between Mr. Dobb and
Professor Lerner.” One of Dobb’s chief points in denying the possi-
bility of operating & socialist economy under the price system was an
attack on the “sacredness of consumers’ preferences,” especially in the
matter of time-preference. “In judgment of:the future, the ‘natural’
individual is notoriously unreliable.” ® In this question and in such
matters as the number of varieties of goods to be put on the market,
it is held that collective choices are superior to individual ones; hig
reference to a Gresham’s law of tastes is a clear indication of the distinc-
tion between moral and pragmatic imperatives and the need for special
methods of choice to arrive at the imperative. The liability of the indi-
vidual will to corruption enters in Dobb’s emphasis on the variability
of individual tastes in the presence of advertising and of the emergence
of new products.”® His remarks are not too far from Kant's about the
vagueness and uncertainty of the drive for personal happiness as a
guide to action. Lerner quite justly observes that Dobb “implies some
transcendental optimum other than that shown ‘by a free market or in
any other way’ ”;® and Dobb himself, with the rationalistic tradition
common to utilitarianism and Marxism in his mind, grows a little
worried: “Yet I do not wish to follow Kant and ‘limit knowledge in
order to meke way for faith.” Planned economy will have its ecenomic
laws,” though he does not specify them.

Dobb’s work presents clearly the dilemma posed by acecepting the
doctrine of consensus as a foundation for social ethics. Empirieally,
we can reject the idea that the consensus can be found in the expressed
individual wills. If consensus is to be found in the moral imperative,
what is the basis for it? KEthical absolutism is unsatisfying to a mind
brought up in the liberal heritage, however much specific shortcomings

P, A. Samuelson, ‘Further Comment on Welfare Economics,” American Eeo-
nomic Review, Vol. 33, September, 1943, p. 605 fn.

¥ M. H. Dobb, “Economiec Theory and the Problems of a Socialist Economy,”
Economic Journal, Vol. 43, December, 1933, pp. 588-598; A. P. Lerner, “Economic
Theory and Secialist Economy,” Review of Economie Studies, Vol. 2, October, 1934,
pp. 51-61; M. H. Dobb, “A Reply,” iid., February, pp. 144-151; A. P, Lerner, “A
Rejoinder,” ibid., pp. 152-154.

#* Dobb, “Eeonomic Theory and the Problems of a Bocialist Economy,” op. cit.,
pp. 591-593.

¥ Dobb, “A Reply,” op. cit., pp. 147-148.

# Larner, “Economic Thecry and Socialist Economy,” ibid., p. 58.

% Dobb, “Economic Theory and the Problems of a Socialist Economy,” op. cit.,
p. 597.
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in the liberal formulation are rejected. Knight's version, depending on
ethical relativism, leads to the danger of a glorification of the status quo,
though it still seems to be the better alternative.

From the point of view of seeking a consensus of the moral imperative
of individuals, such consensus being assumed to exist, the problem of
choosing an electoral or other choice mechanism, or, more broadly, of
choosing a social structure, assumes an entirely different form from that
discussed in the greater part of this study, The essential problem be-
comes that of choosing our mechanism so as best to bring the pragmatic
imperative into coincidence with the moral. It is from this point of
view that Roussean discusses the relative merits of different forms of
government.®

In this aspect, the case for democracy rests on the argument that free
discussion and expression of opinion are the most suitable techniques of
arriving at the moral imperative implicitly common to all.?® Voting,
from this point of view, is not a device whereby each individual expresses
his personal interests, but rather where each individual gives his opinion
of the general will.

This model has much in common with the statistical problem of pool-
ing the opinions of & group of experts to arrive at a best judgment; here
individuals are considered experts at detecting the moral imperative.2

2 Rousseau, op. ¢it., Book 111, Chapters IV-VIL

B Al opinions, yea errors, known, read and collated, are of main service and
assistance towards the speedy attainment of what is truest.” (John Milton, “Areop-
agitica,” in Complele Poelry and Selected Prose of John Millon, New York: Modern
Library, 1942, p. 690.)

¥ Rousseau, op. cil., pp. 165-166. *The principle of majority rule must be taken
ethically as a meana of ascertaining a real ‘general will,’ not as a mechanism by which
one set of interesta is made subservient to another set, Political dircussion must
be agsumed to represent a quest for an objectively ideal or ‘best’ policy, not a contest
between interests,”” (Knight, “Economic Theory and Nationalism,” op. it., p.
208 fn.) The inner quotes point up all the difficulties beautifully. A similar view
was expressed by Professor Simons. (See H. C. Simons, “Introduction: A Political
Credo,” in Economic Policy for a Free Society, Chicago: The University of Chicago
Press, 1948, pp. 7-9.)

& This analogy was pointed out to me by O. Helmer. The problem in question
is an application of R, A, Fisher's discriminant analysis. An interesting eontribution
is that of G. L. Schuyler (“The Ordering of n Items Assigned to & Rank Categories
by Votes of m Individuals,” Journal of the American Slalistical Associgiion, Vol. 43,
December, 1948, pp. 559-563). Bechuyler's suggestion is essentially s rank-order
method of voting, modified by weighting the various individusals in such a way &s
to make them more comparsble. Considered simply as a deviee for reconciling
opposing interests, it would fall under the ban of Theorem 2; however, it is regarded
rather ag a method of reconciling different estimates of somne objective reslity. The
probability implications of the model are not worked out, and the most interesting
question for politieal theory, the weighting of the individuals in terms of their intrinsic
ghility ta judge, is blinked,
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An antidemocrat might argue that only a minority are sufficiently
capable of discerning the moral imperative beneath the obscuring veil
of the pragmatie to make them useful experts in this sense; thus Plato
calls for a small specialized group of guardians to make the social choices.
A prodemocrat might argue that all men have natively an equal portion
of the light; all are children of God. The analogy to the problem of
pooling experts’ opinions is, of course, incomplete; for, in the social
welfare problem, the very method of pooling, i.e., of social decision,
may affect the degree of expertness of individuals. For example, mark-
ing off a certain group, such as army officers, to hold power may, because
of the greater leisure and better living conditions which follow, enable
them to make better decisions, even though there is no native superiority
to the remainder of the society; or it may cause them to lose contact
with the daily problems of the ordinary man and so lower their ability
to make “good’ decisions in certain contexts. More broadly, the very
act of establishing a dictator or elite to decide on the social good may
lead to a distortion of the pragmatic from the moral imperative. ‘Power
always corrupts; and absolute power corrupts absolutely” (Lord Acton).

Any view which depends on consensus as the basis for social action
certainly implies that the market mechanism cannot be taken as the
social welfare function since that mechanism cannot take account of
the altruistic motives which must be present to secure that consensus.
If, in particular, the consensus in question ig that of moral imperatives,
the case i1s even worse since the market can certainly only express
pragmatic imperatives. This does not deny the possibility of a limited
use of the market ag an instrument for achieving certain parts of the
social optimum, especially if it is deliberately manipulated to make
behavior under pragmatic imperatives coincide with that which would
exist under moral ones.

4, KNOWLEDGE. AND THE MEANING OF SOCIAL ALTERNATIVES

The distinction between the overtly expressed will and some truer
degires may be put in a elightly different way. Any individual may be
presumed to have some ultimate values, partly biological, partly specific
to the culture pattern; these are, however, largely unconscious. His
overt, preferences are for values instrumental in achieving these ultimate
values. 'The relation between the two sets of values is not unique; for
a given get of ultimate values, there may be differing sets of instrumental
values, depending on the greater or lesser knowledge of the individual
as to the best means of achieving his ultimate values and as to what his
ultimate values are. The second type of ignorance seems to be particu-
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larly in the mind of Dobb, for example, as discussed in the last section,
and all through the idealist tradition. The reality of the first type of
ignorance in economie life is well evidenced by the fact that the price
ratio between two chemically indistinguishable brands of aspirin has
exceeded ten to one; here the hierarchy of instrumental values leads to
different preferences for different brands of aspirin, though they are in
fact equally efficacious in achieving the ultimate end of mitigating head-
aches, Though welfare economics in its formal aspects typically takes
individuals’ overt behavior as unanalyzable, few economists would
oppose laws against false advertising.

In this connection, it must be pointed out that the aliernatives, among
which social preference is to be defined, may be interpreted in (at least)
two ways: (1) each alternative is a vector whose components are values
of the various particular deeisions ectually made by the government,
such as tax rates, expenditures, antimonopoly poliey, and priee policies
of socialized enterprise; (2) each alternative is a complete description
of the state of every individua] throughout the future. For convenience,
we shall refer to the first interpretation of the eoncept “alternative’ as
the concept “social decision,” to the second as the concept “social end.”
Social ends either are themselves ultimate ends or at least completely
determine the ultimate ends; the relation between social ends and ulti-
mate ends is unknown only to the extent that the ultimate ends are
unknown. On the other hand, it is also true that social decisions deter-
mine, wholly or partially, soctal ends; but the relation here is a matter,
in part, of the empirical lnws of the social seiences. In the present state
of these disciplines, it is tco much to expect the relations to be well
known. Therefore, the relation between the orderings concerning social
ends and those concerning social decisions is affiicted with uncertainty.

One of the great advantages of abstreet postulational methods is the
fact that the same syatem may be given several different interpretations,
permitting a considerable saving of time. In the present case, the argu-
ment given in Chapter V is valid whether the varigbles, z, %, -+, are
assumed to refer to social decisions or social ends. It might therefore
be argued that the problem is equally acute in either case. However,
it could be held that, since ultimate ends arise out of biological and
cultural needs, they are, in part at least, objective. Thus, orderings
of social ends, while not identical from individual to individual, are likely
to be more similar than individual preference scales for social decisions.
It may be that the biological and cultural basig of ultimate ends limits
preferences about them sufficiently so that a social welfare function can
be formed; then the social ordering of social decigions should be baged
on the social ordering of gocial ends plus the use of scientific and sta-
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tistical methods to limit the amount of ignorance in passing from deci-
sions to ends and to limit the effects of the remaining ignorance.

It may also be remarked that, in terms of the analysis in the present
section, the doctrine of “‘enlightened self-interest” would be justified in
the event that it is assumed that all individuals have the same ultimate
ends for the community. In that case, different opinions on social
issues arise from lack of knowledge and can be removed by discovering
the truth and letting it be widely known. In our present pessimistic
age, even this seems like a very difficult problem, not to be disrnissed
as lightly as it was by our more exuberant predecessors of the last
century.

The fact of uncertainty as to the relation between decisions and ends
has important implications for the controversy as to the relative effi-
ciency of centralized and decentralized planning, particularly in a dy-
namic economy. It may well be argued that centralized planning will
necessarily reduce this uncertainty since more facts are available to the
central! planners.?® It is true that the effect of a given error may be
greater under centralization ; but this will not be s0 if a rational method
of planning against uncertainty is adopted.” The relation of uncertainty
to the optimum form of the economic system has been insufficiently
explored in the recent formal work on welfare econcmics,® probably
because of the lack of a well-developed theory of behavicr under un-
certainty. Thus, the stimulating discussion of Professor Hicks ® ig
vitiated by his very restricted certainty-equivalent theory of uncer-
tainty, the limitations of which have been very well shown by Professors
Hart and Friedman.®

# This point has been stressed by Dobb, especially in relation to investment
decisions and the possibility of ohsolescence. (*Economic Theory and the Problems
of a Socialist Economy,” op. cil., pp. 596-597; also “A Note on Saving and Invest-

ment in a Bocialist Economy,” Economic Journal, Yol. 49, December, 1939, pp.
726-727.)

¥ The type of flexibility required for rational planning against uncertainty has
been well described by A. G. Hart (“Risk, Uncertainty, and the Unprofitability of
Compounding Probabilities,” in Studies in Mathemetical Economics and Economelrics,
O. Lange, F. McIntyre, and T. O. Yntema, eds., Chicago: The University of Chicago
Press, 1942, pp. 110-118). The rational theory of planning agrinst uncertainty is
identical with the foundations of statistical inference (see A, Wald, “Foundations
of a General Theory of Bequential Dedision Functions,” FEeonomelrica, Vol. 15,
October, 1947, pp. 279-313).

2 The most systematic discussion is that of Reder, op. cif., Chapter VIIL

¥ J. R. Hicks, Value and Capital, second edition, Oxford: The Clarendon Press,
1948, p. 135.

# Hart, op. cif.,; M. Friedman, “Lange on Price Flexibility and Employment:
A Methodological Criticism,” American Fconomic Review, Vol. 36, September, 1948,
pp. 627-630.
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5. ParTiarL UNanmMiITY

The discussion of the last two sections suggests, however vaguely,
that the solution of the social welfare problem may lie in some generaliza-
tion of the unanimity condition of Section 1, applied perhaps to indi-
vidual orderings found by special inquiries rather than those overtly
expressed. But the correct mathematical generalization of the unanimity
condition is not easy to see. Black’s postulate, elegant though it be,
is not obviously applicable, though perhaps deeper investigation would
change the verdict.

An attempted generalization which immediately suggests itself is to
assume that all individuals are unanimous about some choices but not
necessarily about others. That is, among all possible ordered pairs
{z, 1) of social alternatives, there are some for which it is known that
all individuals feel alike. These common feelings can be expressed by
saying that there is a quasi-ordering €) of all social alternatives such
that the orderings of all individuals are compatible with this same quasi-
ordering. If there are three alternatives such that @ tells us nothing
about the comparison of any two, i.e., if there are three alternatives such
that we do not assume unanimity of agreement. as to the choice between
any two, then clearly the assumption of a partial unanimity does not
exclude any of the three alternatives in question.

This result can be rigorously deduced from Theorem 3. First, suppose
that not merely is it known that certain choices will be unanimous but
in faet it is known in advance what the choice will be. Thai is, suppose
@ is known in advance. If we let S be the set of three altermatives
mentioned above, then Theorem 3 applies with @, « - -, @y, all @’s being
the same. If now we merely postulate unanimity of those choices with-
out specifying how the choices will come out, we have clearly imposed
less restraint on the orderings of individuals, and therefore a fortiori
it remains valid that the only possible social welfare functions are
imposed or dictatorial.

6. T DecisioNn ProcESS A8 A VALUER

Up to now, no attempt has been made to find guidance by considering
the components of the vector which defines the social state. One espe-
.cially interesting analysis of this sort considers that, among the variables
which taken together define the social state, one is the very process by
which the society makes its choice. This is especially important if the
mechanism of choice itself has a value to the individuals in the society.
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For example, an individual may have a positive preference for achieving
a given distribution through the free market mechanism over achieving
the same digtribution through rationing by the government. If the
decision process is interpreted broadly to include the whole socio-
psychological climate in which social decisions are made, the reality
and importance of such preferences, as opposed to preferences about
the distributions of goods, are obvious.

From a logical point of view, some care has to be taken in defining
the decision process since the choice of decision process in any given
case i8 made by a decision process. There is no deep circularity here,
however. If z is the vector describing a possible sccial state, let x; be
the components of that vector which are not decision procesees; let x5
be the process of deciding among the alternative possible z,’s; in general,
let x5 be the process of deciding among the alternative possible z,.,’s.
We may refer to z; as the first-order decision, z; as a second-order
decision, etec.; then an nth-order decision is a process of choosing an
(n—1)th-order decision method. Any particular social state is described
in its entirety by a vector of the form (z,, 23, - - -, Zn, < -+). In describing
the United States Government, we might say that z; is a proposed bill
or, more precisely, the proposed bill taken into conjunction with all the
legislation now on the hooks; g is the process by which bills are enacted
into law by Congress and the President; zs is the process of choosing a
Congress and President, set down by the Constitution; and =z, is the
process of constitutional amendment.

Suppose that for some value of n there is one possible z,, which is so
strongly desired by all individuals that they prefer any social state
which involves accepting that particular z, to any which dees not.®
For example, the belief in democracy may be so strong that any decision
on the distribution of goods arrived at democratically may be preferred
to such a decision arrived at in other ways, even though all individuals
might have preferred the second distribution of goods to the first if it
had been arrived at democratically. Similarly, the desire for a dictator-
ship or for a particular dictator may be overwhelming under certain
conditions. In such a case, again, our socizl welfare problem may be
regarded as solved since the unanimous agreement on the decision process
may resolve the conflicts as to the decisions themselves.

Some such valuation as the above seems to be implicit in every stable
political structure. However, there is a certain empirical element in
practice; individuals prefer certain political structures over others, not
only because of their liking for the structure as such, but also because

% Cf. Rousseau, op. cil., pp. 18-19: “The law of plurality of votes is itself esteb-
lished by agreement, and supposes unanimity at least in the beginning,”
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they have some idea of the preference patterns of the other individuals
in the society and feel that on the whole they can expect the particular
structure in question, taken in conjunction with the expected behavior
of other individuals under that structure, to yield decisions on current
matters which will usually be acceptable to themselves. Thus, we may
expect that social welfare judgments can usually be made when there
is both a widespread agreement on the decision process and a widespread
agreement on the desirability of everyday decigions. Indeed, the suffi-
ciency of the former alone, as implied in the preceding paragraph, would
require that individuals ascribe an incommensurably greater value to
the process than to the decisions reached under it, a proposition which
hardly seems like a credible representation of the psychology of most
individuals in g social situation,
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